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Abstract. This paper describes the estimation of parameters characterizing the vertical
structure of vegetated land surfaces, from combined interferometric and polarimetric
radar data. Physical models expressing radar observations in terms of parameters
describing vegetated land surfaces are the foundation for parameter estimation techniques.
Defining a general complex cross correlation enables the unified development of models
for interferometry and polarimetry, including polarimetric interferometry. Three simple
physical models in this paper express this complex cross correlation in terms of vegetation
parameters: (1) a randomly oriented volume, (2) a randomly oriented volume with a
ground return, and (3) an oriented volume. For the first two models the parameters
include vegetation height, extinction coefficient, underlying topography, and another
parameter depending on ground electrical properties and roughness. For the oriented
volume, additional parameters depend on the refractivity, extinction coefficients, and
backscattering characteristics of waves propagating along eigenpolarizations of the
vegetation volume. The above models show that the interferometric cross-correlation
amplitude and the polarimetric {HHHH/VVVV} ratio both change by about 1% per
meter of vegetation height change, for experimental conditions typical of airborne and
spaceborne interferometric radars. These vertical-structure sensitivities prompt a
parameter estimation demonstration with two-baseline TOPSAR interferometric and zero-
baseline polarimetric data from the Boreal Ecosystem-Atmosphere Study (BOREAS)
Southern Study Area in Prince Albert National Park, Saskatchewan, Canada. The
demonstrations show the feasibility of measuring vegetation height to better than 4.2 m,
underlying topography to better than 6.5 m, and the ratio of ground-to-volume power to
better than 10%, using interferometry and polarimetry, coupled with parameter-
constraining assumptions, concerning the degree of surface roughness. This paper suggests
that single-baseline and multibaseline fully polarimetric interferometry have the potential
to obviate the need for such assumptions, thereby making parameter estimation more
robust, accurate, and realistic.

1. Introduction
The vertical structure of vegetated land surfaces is

an important component of the description of ecosys-
tems. “Vertical structure” refers to the characteristics
of vegetation as a function of vertical height above the
ground, as well as the topographic characteristics of
the underlying surface. Quantitative measurements of
vegetation characteristics as a function of vertical
height bear on determinations of biomass, leaf area
index, and vegetation type [Waring et al., 1995].
Studies of forest succession and primary production
also benefit from vertical-structure information. A
complex vertical structure can indicate a mature or

old-growth forest [Franklin and Spies, 1991], which is
generally less productive than forests in early stages
of maturity [Mooney and Hobbs, 1990]. The vertical
structure of vegetation, for example, the degree of
canopy closure, is also an indicator of ecosystem
dynamics, including light competition and the ensuing
relative populations of species [Neilson, 1995].

Figure 1 schematically shows the objective of this
paper: the estimation of vertical-structure parameters
from radar interferometric and polarimetric data. In
Figure 1, letter M is a physical model which expresses
radar observations in terms of a small number of
vegetation and underlying surface parameters. As
shown in the figure, M transforms candidate param-
eters into calculated observations in a loop, until the
calculated observations are as close as possible to
observations from radar data. The number of param-
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eters must be no greater than the number of radar
observations per resolution cell (;10). The utility of
relating radar observations to a small number of
parameters motivates the three simple, fundamental
models, M, described in this paper: (1) a randomly
oriented volume, with negligible ground return, (2) a
randomly oriented volume and a horizontal underly-
ing surface, which induces either a specular ground-
volume (called “specular”) or direct-ground return
(called “direct,” though the ground-backscattered
fields must also propagate through the randomly
oriented volume before arriving at the radar receiv-
ers), and (3) an oriented volume with no contribution
from the ground. These models result from a vector
extension of Treuhaft et al. [1996] and from including
ground surfaces. While these models may be oversim-
plified descriptions of vegetated land surfaces, their
incoporation in the parameter estimation process
yields reasonable results (section 3), and they serve as
a foundation onto which increased model complexity
can be built as needed to increase accuracy. The
interferometric and polarimetric response will be
related to the vertical structure of each model vege-
tated land surface. Before describing the qualitative
signatures of vertical structure in interferometry and
polarimetry, and the quantitative signatures and esti-
mation of vertical-structure parameters, the general

radar cross-correlation observation, which will re-
peatedly be expressed in terms of vegetation param-
eters, is introduced below. This cross correlation is
applicable to interferometry, polarimetry, and polari-
metric interferometry. The three Ms in this paper will
express this general cross correlation in terms of
parameters describing the vertical structure of vege-
tated land surfaces.

1.1. Interferometric, Polarimetric Cross
Correlation

The complex cross correlations of signals derived
from the fields returned to the radar are the primary
products of interferometric and polarimetric observa-
tions. Explicitly accounting for the vector nature of
those signals, the most general cross correlation,
applicable to both interferometry and polarimetry, is

cross correlation ; ^p̂1 z EW t̂ 1
~RW 1 ! p̂*2 z EW *t̂ 2

~RW 2 !&, (1)

where p̂1 is the receive polarization at end 1 of the
baseline, located at RW 1 , and EW t̂1

(RW 1) is the vector
signal received at RW 1 , due to a wave transmitted at
polarization t̂1 . In (1), p̂2 is the receive polarization
at end 2 of the baseline, while t̂2 is the transmit
polarization, which induces the return received at end
2 of the baseline. Note that the t̂2 polarization can be

Figure 1. Schematic representation of the parameter estimation process. Candidate vegetation
parameters generate model observations using the model, M. These are subtracted from observations,
and when the magnitude of that difference is minimized, the candidate parameters become the final
parameter estimates.
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transmitted from either end 1 of the baseline (single-
transmit mode) or end 2 of the baseline (alternate-
transmit, or “ping-pong” mode). The ensemble aver-
age angle brackets in (1) indicate average overall
statistical properties of the terrain which affect the
signals. In practice, multilook averaging is assumed to
be equivalent to the ensemble averaging indicated in
(1). Stochastic instrumental effects, such as thermal
noise, which decrease the cross-correlation ampli-
tude, are included in the ensemble average angle
brackets for actual measurements but will be ignored
in the modeling in this paper because they are
routinely removed in data analysis.

Figure 2 schematically shows the ends of the base-
line RW 1 and RW 2 with the transmit and receive polar-
izations. For simplicity, ping-pong mode is shown
with both ends of the baseline capable of transmission

and reception. The single- and alternate-transmit
configurations will be discussed in section 3. Using
the standard Ĥ, V̂, and k̂ right-handed coordinate
system, with Ĥ and V̂ the orthonormal polarization
vectors and k̂ the wave propagation direction and Ĥ
3 V̂ 5 k̂, the vector signal at RW 1 in the H-V basis is

EW t̂ 1
~RW 1 ! ; SEW t̂ 1

~RW 1 ! z Ĥ
EW t̂ 1

~RW 1 ! z V̂D , (2)

where EW t̂1
(RW 1) z Ĥ is the signal at RW 1 if the receive

polarization were Ĥ and the transmit were t̂1 . In (1)
the transmit and receive polarizations t̂1 , p̂1 , t̂2 , and
p̂2 can be arbitrary, linear, complex (e.g., for circular
polarization) combinations of Ĥ and V̂. The relation-
ship between the received vector electromagnetic
field and the vector signal EW t̂1

(RW 1) involves correla-
tion with a reference function used to compress the
signal in range and azimuth [Treuhaft et al., 1996] and
will not be treated here.

The polarization and baseline conventions describ-
ing “interferometry” (INSAR), “polarimetry” (POL-
SAR), and “polarimetric interferometry” (POLIN-
SAR) in this paper are shown in Table 1. In addition
to Treuhaft et al. [1996], Sarabandi [1997] (Dk inter-
ferometry), Wegmuller and Werner [1997] (classifica-
tion with repeat-pass interferometry), and Hagberg et
al. [1995] (repeat-pass interferometry) have consid-
ered INSAR over vegetated surfaces. In this paper it
will always be assumed that the data at each end of
the baseline are simultaneously acquired. Repeat-
pass interferometry, in which data acquired at differ-
ent times are cross correlated, is not treated in this
paper. In order to apply the approaches described
here to repeat-pass interferometry, the effects of
changes in vegetation position or composition be-
tween acquisition epochs must be considered. The
signatures of vegetation in POLSAR have been dis-
cussed, for example, by Cloude [1997] and Durden et

Figure 2. Interferometric signals transmitted and re-
ceived at arbitrary polarizations at each end of the baseline.

Table 1. Polarization Conventions for INSAR, POLSAR, and POLINSAR in This Paper

Data Type Acronym

Polarization 1 Polarization 2
Baseline
LengthTransmit Receive Transmit Receive

Interferometry INSAR t̂1 t̂1 t̂1 t̂1 nonzero
Polarimetry POLSAR t̂1 p̂1 t̂2 p̂2 zero
Polarimetric

interferometry
POLINSAR t̂1 p̂1 t̂2 p̂2 nonzero

The transmit polarization at end 1 of the baseline is t̂1 , and p̂1 is the receive polarization, with similar definitions for end 2 of the
baseline.
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al. [1989]. Cloude and Papathanassiou [1998] treat
POLINSAR by optimizing the amplitude of a normal-
ized version of (1) with the choice of transmit and
receive polarizations. The cross correlation in that
work is formed by vectorizing the scattering matrix
elements in the Pauli basis and is equivalent to (1),
with the projections of the scattering matrix vectors at
the ends of the baseline (called w1 and w2) corre-
sponding to polarization combinations in (1). Lin and
Sarabandi [1999] estimate vegetation properties from
POLINSAR by constructing empirical relations based
on fractal models.

1.2. Qualitative Signatures of Vertical Structures
in Interferometric and Polarimetric Radar

By considering INSAR and POLSAR, this section
provides a qualitative summary of the response of the
cross correlation in (1) to the vertical structure of
vegetated land surfaces. If an average value of vege-
tation dielectric is assumed for conceptual simplicity,
the qualitative sensitivities of INSAR and POLSAR
can be summarized as follows: INSAR responds
primarily to the location and distribution of vegeta-
tion components and underlying surfaces, while POL-
SAR responds primarily to the orientation and shape
of vegetation constituent scatterers. On the basis of
quantitative reasoning in section 2, Figure 3 qualita-

tively illustrates the differences in the responses of
interferometry and polarimetry. Figures 3a and 3b
show two distributions of randomly oriented vegeta-
tion which would have very different interferometric
signatures and nearly identical polarimetric signa-
tures. As will be seen in section 2, the INSAR phase
of (1) increases with mean vegetation vertical height,
and therefore the phase derived from Figure 3b is
greater than that for Figure 3a. The INSAR cross-
correlation amplitude of Figure 3b is also greater
than that of Figure 3a, because the vegetation con-
stituents are less distributed and therefore contribute
more coherently to the complex cross correlation
[Treuhaft et al., 1996].

In order to demonstrate the sensitivity of POLSAR
to scatterer shape and orientation, Figure 3c shows a
vegetation volume of scatterers with preferential ori-
entation characteristics. This volume would have a
nearly identical interferometric response to that in
Figure 3a (apart from those induced by changes in
extinction due to vegetation orientation) but a very
different polarimetric response. The interferometric
signatures of Figures 3a and 3c are nearly identical,
because the distribution of scatterers is identical and
the normalized version of (1) most often used in
INSAR is insensitive to the change in backscattering

Figure 3. Scatterer geometries which produce different results in interferometry and polarimetry.
Interferometry responds primarily to the difference in spatial distributions between distributed
randomly oriented volume (Figure 3a) and dense randomly oriented volume (Figure 3b). Polarimetry
responds primarily to the difference in orientation characteristics between the randomly oriented
volume (Figure 3a or 3b) and the oriented volume (Figure 3c).
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strength which may result from orienting the scatter-
ers as shown in Figure 3c. On the other hand, the
frequently used polarimetric ratio {HHHH}/
{VVVV} will depend on the projection of the average
vegetation orientation onto the Ĥ and V̂ axes (the
convention { t̂1 p̂1 t̂2 p̂2} will be used to specify POL-
SAR observations, but for Ĥ or V̂ polarizations the
circumflex will be dropped); for the randomly ori-
ented volume of Figures 3a and 3b, {HHHH}/
{VVVV} 5 1 because there is no preferred orienta-
tion for the polarization of scattered waves. Similarly,
the magnitude and phase of {HHVV} will also
change as a function of orientation of the volume and
the shape of the scatterers. More spherically symmet-
ric scatterers will produce higher magnitudes of
{HHVV}, while interferometric observations are
comparatively insensitive to the scatterer shape or
orientation.

Because of its direct sensitivity to vegetation distri-
bution, INSAR can almost always play an important
role in estimating parameters describing the vertical
structure of vegetated land surfaces. If, as is often the
case, the orientation of vegetation scatterers is a
function of their vertical position, POLSAR can also
be sensitive to vertical structure and play an addi-
tional important role in vertical-structure parameter
estimation. For example, the ground surface of a
forest is a horizontally oriented scatterer, at the
bottom of a vegetation layer, with a polarimetric
response which is very different from the more ran-
domly oriented vegetation above it. If the vegetation
height were increased, decreasing the contribution
from the ground surface due to increased attenuation,
POLSAR observations would respond by being less
characteristic of the ground surface and more char-
acteristic of the volume vegetation. Thus both INSAR
and POLSAR observations change when vertical-
structure parameters change, suggesting that combin-
ing the INSAR and POLSAR data types, including
POLINSAR, may improve the accuracy of estimated
parameters describing vertical structure relative to
that attainable from either alone.

1.3. Approach to Quantitative Signatures
and Parameter Estimation

The approach to estimating the vertical structure of
vegetated land surfaces from interferometry and po-
larimetry in this paper is based on a quantitative
description of the signatures described above. Section
2 on the quantitative modeling of the response of

interferometry and polarimetry to vertical structure
treats the three model scenarios already mentioned.
Although a more complicated and potentially realistic
scenario arises from combining the ground return
with an oriented volume, scenarios 2 and 3 are treated
separately in order to understand their unique man-
ifestations in INSAR, POLSAR, and POLINSAR.
The parameters describing vegetated land surfaces,
on which interferometric and polarimetric observa-
tions depend, are identified for each model scenario.
Section 2 demonstrates that zero-baseline polarime-
try, in the absence of a priori parameter-constraining
assumptions, does not improve vertical-structure pa-
rameter estimate accuracy relative to that attained
from INSAR alone, for the models considered. It also
suggests, however, that POLINSAR on one or more
baselines combined with zero-baseline POLSAR will
yield higher parameter accuracy than INSAR alone
for terrain with oriented constituents.

Section 3 first describes the sensitivity of interfero-
metric and polarimetric observations to the vegeta-
tion parameters identified in section 2. Section 3 then
describes the parameter estimation process in detail
and combines INSAR and POLSAR data to demon-
strate structure parameter estimate accuracy by mak-
ing plausible assumptions constraining the parame-
ters. The parameter estimation demonstration with
Boreal Ecosystem-Atmosphere Study (BOREAS)
data acquired with Jet Propulsion Laboratory (JPL)
airborne synthetic aperture radar (AIRSAR) is in-
tended to show the plausible potential of POLIN-
SAR, which may provide better parameter estimate
accuracies without the need for a priori assumptions.
The BOREAS data demonstrate the accuracy of
parameters such as tree height, underlying topogra-
phy, and the ratio of ground to volume power in
section 3. Section 4 contains a summary and a discus-
sion of future data acquisition and analysis scenarios.

2. Modeling the Dependence of
Interferometric and Polarimetric
Observations on Vertical Structure

Parameter estimation requires physical models M,
as in Figure 1, which express radar observations in
terms of parameters describing the terrain. This sec-
tion treats the quantitative response of INSAR and
POLSAR by formulating three such models: (1) the
randomly oriented volume, (2) the randomly oriented
volume with a ground-induced return, and (3) the
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oriented volume. In the sections below, for each
model scenario, the most general cross correlation
(equation (1)) is first expressed in terms of vegetation
and surface (for the second scenario) properties. The
specific INSAR and POLSAR observations which
follow from the general cross correlation are then
used to identify parameters describing vegetated land
surfaces. Considering INSAR and POLSAR naturally
suggests the application of POLINSAR. The general
cross correlations derived for each model scenario
below apply to POLINSAR, but the description of
specific POLINSAR observations and the full set of
parameters estimable from POLINSAR are beyond
the scope of this paper. However, POLINSAR is
repeatedly suggested when it is clear that it may
enable a substantial enhancement in parameter esti-
mation performance.

The quantitative derivation of the general cross
correlation (1) augments that of Treuhaft et al. [1996]
by introducing a ground surface and explicitly ac-
counting for the vector nature of the fields. After
deriving a general expression for the cross correla-
tion, the specific model cross correlations will be
considered in the sections below.

The signals to be cross correlated arise from a sum
of signals from each scattering element, both volume
and ground. The derivations of cross correlation
ignore thermal noise effects. The general cross cor-
relation can be expressed as

^p̂1 z EW t̂ 1
~RW 1 ! p̂*2 z EW *t̂ 2

~RW 2 !&

5 7 O
j51

M

p̂1 z EW t̂ 1
~RW 1 ; RW j ! O

k51

M

p̂*2 z EW *t̂ 2
~RW 2 ; RW k !8

5 O
jv

Mv

^p̂1 z EW t̂ 1
~RW 1 ; RW jv

! p̂*2 z EW *t̂ 2
~RW 2 ; RW jv

!&

1 O
jg

Mg

^p̂1 z EW t̂ 1
~RW 1 ; RW jg

! p̂*2 z EW *t̂ 2
~RW 2 ; RW jg

!&, (3)

where the terms flanking the first equal sign describe
the contributions of M signals, including Mv from the
volume and Mg the ground. Beyond the second equal
sign, (3) anticipates that only the j 5 k terms
contribute to the cross correlation; that is, a given
scattering element only correlates with itself. This is
because of the assumed independence of the statisti-
cal properties of the scattering elements and because

the phases of the products of elements that are
separated by many wavelengths will be distributed
between 0 and 2p and their contribution to the cross
correlation will sum to zero (see discussion after
equation (21)) [Treuhaft et al., 1996]. The vector
signal EW t̂1

(RW 1 ; RW j) at RW 1 is due to a scatterer RW j . The
part of (3) beyond the second equal sign separates the
volume and direct-ground signals. The first sum be-
yond the second equal sign describes the cross corre-
lation of signals from Mv volume scatterers, at RW jv

, in
the absence of a ground surface (see Figure 4). As will
be seen below, it also describes the cross correlation
due to volume scattering coupled with specular
ground scattering (either ground-volume or volume-
ground). The second sum in (3) describes the cross
correlation due to direct ground scattering from Mg
ground elements, each at RW jg

, which will be seen
below to be patches of the ground surface which are
large enough so that their surface roughness patterns
and dielectric constants are uncorrelated.

The angle brackets in (3) indicate ensemble aver-
ages over the spatial location of scatterers as well as
their scattering characteristics. If the spatial averaging
is separated out and the angle brackets are now taken
to mean averaging over all other stochastic quantities
(e.g., scattering amplitudes or ground dielectrics),
then (3) becomes [Treuhaft et al., 1996]

^p̂1 z EW t̂ 1
~RW 1 ! p̂*2 z EW *t̂ 2

~RW 2 !& 5 O
jv 51

Mv E
volume

d 3Rjv
Pvol ~RW jv

!

z ^p̂1 z EW t̂ 1
~RW 1 ; RW jv

! p̂*2 z EW *t̂ 2
~RW 2 ; RW jv

!&

1 O
jg 51

Mg E
surface

d 2Rjg
P surf ~RW jg

!

z ^p̂1 z EW t̂ 1
~RW 1 ; RW jg

! p̂*2 z EW *t̂ 2
~RW 2 ; RW jg

!&

5 E
volume

d 3R r0Wr
2 Sf1 ~RW 1 , RW !

ik0
2 2uRW 1 2 RW 0 uD

z Wh
2~h 2 h0 ! 3 ^p̂1 z EW t̂ 1

~RW 1 , v0 ; RW ! p̂*2 EW *t̂ 2
~RW 2 , v0 ; RW !&

~V and S! 1E
surface

d2R s0

Wr
2Sf1 ~RW 1 , RW !

ik0
2 2uRW 1 2 RW 0 uDWh

2~h 2 h0 !

3 ^p̂1 z EW t̂ 1
~RW 1 , v0 ; RW ! p̂*2 z EW *t̂ 2

~RW 2 , v0 ; RW !& ~DG!, (4)
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where Pvol(RW jv
) is the probability per unit volume of

a scatterer being at RW jv
, Psurf(RW jg

) is the probability
per unit surface area of a surface scattering ele-
ment being at RW jg

, and k0 5 v0/the speed of light,
the wavenumber at the center of the band pass. (In
equations, V, S, G, and DG stand for volume,
specular, ground, and direct ground, respectively.)
In the last lines of (4), identical statistics have been
assumed for all the volume scatterers, with spatially
invariant number volume density r0 [Lax, 1951].
Similarly, identical statistics have been assumed for
all the surface scattering elements, with number
surface density s0. In the last lines of (4) the signals
have been expressed in terms of the Fourier com-
ponent of the field at the central frequency v0,
EW t̂1

(RW 1, v0; RW ), received at RW 1 due to a scatterer at
RW , and range and azimuth resolution functions Wr
and Wh . The term f1(RW 1, RW ) is the propagation
phase of Et̂1

(RW 1, v0; RW ), i.e., the phase which
depends on the transmitter-scatterer-receiver
round-trip propagation path for the coherent wave.
For example, for volume scattering, f1(RW 1, RW ) 5
2ik0 uRW 1 2 RW u. The argument of the range resolution

function, expressed in terms of f1(RW 1 , RW ), is the
length of the round-trip propagation path from RW 1 to
the scattering element at RW , minus the round-trip
distance between RW 1 and the center of the range cell
at RW 0 , shown in Figure 4. The azimuth resolution
function Wh centered at azimuth angle h0 is included
for completeness but does not affect the interfero-
metric observables because the azimuth direction
(out of the paper in Figure 4) constitutes a rotation
about the baseline when h 2 h0 is small.

For each model scenario the fields in the inte-
grands of (4) will be derived and inserted to calculate
the cross correlation in the sections below. Expressing
the observations typically derived from those cross
correlations in terms of the vegetation parameters
on which they depend constitutes formulations of
M in the following sections. On the basis of the
following subsections, Table 2 is a list of observa-
tions and the parameters on which they depend for
each model scenario. Table 3 is a list of frequently
used symbols in this paper with definitions, for
reference. Figure 5 schematically shows all three
model scenarios.

Figure 4. The interferometric scattering geometry, showing a horizontal layer of vegetation extending
from z 5 z0 to hv , the range resolution cell, and its center at RW 0(r0 , z0 , h0), which is frequently used
as a reference point in this paper.
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2.1. Randomly Oriented Volume
The homogeneous randomly oriented volume is the

simplest model of vegetation and serves as a good
starting point for considering INSAR, POLSAR, and
POLINSAR. “Random orientation” means that the
probability of a scatterer’s being oriented in a partic-
ular direction is equal to that of its being oriented in
any other.

2.1.1. Randomly oriented volume: The cross cor-
relation. The field needed for (4) from a randomly
oriented volume scatterer at RW consists of a free-space
contribution represented by the multiplicative terms in
(5) and the first term in the exponential, which expresses
the round-trip, free-space propagation to and from the
scatterer, as in Figure 5a. The other contribution to the
field is represented by the second term in the exponen-
tial in (5), due to propagation into and out of the
medium in the distorted Born approximation, as indi-
cated by the rays from the scatterer at RW to all other
scatterers in Figure 5a. For the randomly oriented
volume, using a discrete-scatterer approach [Lang,
1981], the field at end 1 of the interferometer due to
a backscatterer at RW is [e.g., Treuhaft et al., 1996]

EW t̂1 ~RW 1 , v0 ; RW ! 5 A 2Fb,RW z t̂ 1

z exp F2ik0 uRW 1 2 RW u 1
4pir0 ^ t̂ z F f z t̂ &~hv 2 z!

k0 cos uRW
G ,

(5)

Fb,RW ; SFb,RW
HH Fb,RW

HV

Fb,RW
VH Fb,RW

VVD ,

where uRW is the incidence angle from RW 1 to RW , A is
1/uRW 1 2 RW 0 u, and Fb,RW is the scattering amplitude
matrix in the backward direction for a volume scat-
terer located at RW . It replaces the scalar backscatter-
ing amplitude fb in the previous work. In Fb,RW , Fb,RW

HH

is the backscattering amplitude for an incident and
scattered wave of polarization Ĥ. The medium prop-
agation term in (5) induces an additional phase (via
the real part of Ff , the forward scattering matrix) and
attenuation (via the imaginary part). For a randomly
oriented medium, ^Ff & is a multiple of the identity
matrix, since scattering from the Ĥ polarization to the
Ĥ polarization is equivalent to its V̂ counterpart
(diagonal elements are equal); and there is no reason,
on average, for a wave starting in the Ĥ polarization
to rotate into the V̂ polarization (off-diagonal ele-
ments of ^Ff & are zero). In (5), t̂ is an arbitrary
polarization, since the quantity ^ t̂ z Ff z t̂ & is
independent of polarization for a randomly oriented
medium.

Inserting (5) and the analogous expression EW t̂
2
(RW 2 ,

v0 ; RW ) for the field at end 2 of the interferometer into
(4) yields the cross correlation for the randomly
oriented volume. Taylor-expanding the phase of the
integrands in the cross correlation around the point RW 5
RW 0 [Treuhaft et al., 1996] yields the cross correlation

^p̂1 z EW t̂ 1
~RW 1 ! p̂*2 z EW *t̂ 2

~RW 2 !& 5 A 4 exp @ik0 ~r1 2 r2 !u0 #

zE
0

2p
Wh

2 dhE
2`

`
Wr

2r0e ia r r dr zE
0

hv

e iaz zr0 ^~ p̂1 z Fb z t̂ 1 !

z ~ p̂*2 z F*b z t̂ *2 !& exp F 2 8pr0Im^ t̂ z F f z t̂ &~hv 2 z!

k0 cos u0
G dz

; A 4e if0 ~ z0 ! exp F 2 2sxhv

cos u0
G E

0

2p
Wh

2 dh

zE
2`

`
Wr

2r0e ia r r dr z r0 ^~ p̂1 z Fb z t̂ 1 !

Table 2. Summary of the Observations and Parameters on Which They Depend for Each Model Scenario

Model Observation Parameters

Randomly oriented volume interferometric cross correlation (V or H) hv , z0 , sx
{HHHH/VVVV} ratio none

{HHVV}/={HHHH}={VVVV} YHHVV
Randomly oriented volume

1 specular (S) ground
or direct (D) ground

interferometric cross correlation (V) hv , z0 , sx , D V̂
S,D

interferometric cross correlation (H) hv, z0, sx, DĤ
S,D

{HHHH/VVVV} ratio hv , sx , D V̂
S,D , D Ĥ

S,D

{HHVV}/={HHHH}={VVVV} hv , sx , YHHVV , D Ĥ,Ĥ,V̂,V̂
S,D

Oriented volume interferometric cross correlation (V or H) hv , z0 , sxa
, sxb

, xa 2 xb , f â,Ĥ ,
{^( p̂ i z Fb z p̂ j)( p̂k z Fb z p̂ l)&}

{HHHH/VVVV} or {HHVV}/={HHHH}={VVVV} same
polarimetric interferometric cross correlations at a and b hv , z0 , sxa

, sxb
, f â,Ĥ
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z ~ p̂*2 z F*b z t̂*2 !& E
0

hv

e iaz z exp F 2sx z

cos u0
G dz

5 A 4e if0 ~ z0 ! exp F 2 2sxhv

cos u0
G E

0

2p
Wh

2 dh

zE
2`

`
Wr

2r0e ia r r dr r0Zv ~hv , sx , p̂1 , t̂ 1 , p̂2 , t̂ 2 !, (6)

where

Zv ~hv , sx , p̂1 , t̂ 1 , p̂2 , t̂ 2 ! ; ^~ p̂1 z Fb z t̂ 1 !

z ~ p̂*2 z F*b z t̂ *2 !& E
0

hv

e iaz z exp F 2sx z

cos u0
G dz,

where r0 [ uRW 1 2 RW 0 u, r1 [ uRW 1 2 RW u, and r2 [
uRW 2 2 RW u and hv is the height of the vegetation. The
notation u0 means that the differential path length to
the ends of the interferometer r1 2 r2 is evaluated at
RW 5 RW 0 , the Taylor expansion point, at the center of
the range resolution element on the surface (Figure
4). Since the central range and azimuth are specified
by the compression of the radar signal, z0 completely
determines k0(r1 2 r2)u0 [ f0( z0) in (6). The
incidence angle at RW 0 is u0, which approximates uR
when (5) is inserted into (4). The extinction coeffi-
cient sx has been defined by (6), and refractivity has
been ignored (because it has negligible effect). The
average product of the backscattering matrix ele-
ments indicated in Zv is assumed to be independent
of position, which is why the subscript RW has been
dropped. This average product is the principal differ-
ence between the vector and scalar derivation of the
cross correlation, in which this term reduces to fb

2 .
The argument of the range resolution function is
2uRW 1 2 RW u 2 2uRW 1 2 RW 0 u, again, ignoring refractivity.
The arguments of both the range and azimuth reso-
lution functions have been suppressed. It will be seen
that these integrations have the same value for all
three model scenarios considered in this paper. In (6),
a z and a r are the derivatives of the interferometric
phase k0(r1 2 r2) with respect to the vertical
(holding the range and azimuth constant) and range
(holding the vertical and azimuth constant), respec-
tively. They are functions of the baseline vector BW and
are defined in Appendix B.

2.1.2. Randomly oriented volume: Observations
and parameters. This section describes interfero-
metric and polarimetric observations and the param-

eters on which they depend and thereby specifies M
for the randomly oriented volume. The most common
observation type in interferometry is a normalized
version of (6). The parameters on which this normal-
ized cross correlation depends follow from (6), taking
the limits as t̂ 1 , p̂1 , t̂ *2 , p̂*2 3 t̂ , and with Ar being
the normalized correlation amplitude due to the
range integral in (6), which can be calculated from the
hardware characteristics:

^ t̂ z EW t̂ ~RW 1 ! t̂ * z EW *t̂ ~RW 2 !&

Î^u t̂ z EW t̂ ~RW 1 !u 2&Î^u t̂ z EW t̂ ~RW 2 !u 2&
5

2sxAre if0 ~ z0 !

cos u0 ~e 2sx hv /cosu0 21!

zE
0

hv

e iaz z9 exp F 2sx z9

cos u0
G dz9. (7)

As in the work by Treuhaft et al. [1996], the parame-
ters on which the interferometric cross correlation
depends are (1) the vegetation height hv , (2) the
underlying topography z0 , and (3) the extinction
coefficient sx . The interferometric sensitivity to these
parameters is demonstrated by Treuhaft et al.
Throughout this paper, the height parameter hv is
really the depth or thickness of the vegetation layer,
while hv 1 z0 is the altitude of the top of the layer
(see Figure 4).

The polarimetric cross correlation represents many
observations, one for each combination of receive and
transmit polarization. Two polarimetric observations
discussed below are {HHHH}/{VVVV} and the nor-
malized cross correlation {HHVV}. Using (6), with
r1 3 r2 and a z , a r 3 0 (polarimetry) and the fact
that for randomly oriented volumes, ^(Ĥ z Fb z Ĥ) 2 &
5 ^(V̂ z Fb z V̂) 2 &, shows that

$HHHH%/$VVVV% 5 1, (8)

and therefore this ratio does not depend on any of the
vertical structural parameters (hv or z0) of the veg-
etation, but only on its random orientation. Another
complex polarimetric observation derived from (6) is

$HHVV%

Î$HHHH% Î$VVVV%

5
^~Ĥ z Fb z Ĥ!~V̂ z F*b z V̂!&

Î^~Ĥ z Fb z Ĥ! 2& Î^~V̂ z Fb z V̂! 2&
; YHHVV (9)

and similarly does not depend on any of the structural
parameters of the vegetation but on properties of the
backscattering amplitude matrix of the vegetation, as
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Table 3. Definitions of the Symbols in This Paper

Symbol Description First Appearance

M model function relating radar observations to parameters
describing a vegetated land surface

Figure 1

p̂1 , p̂2 receive polarization at end 1 or 2 of the baseline or at the
1 or 2 position in the cross correlation for zero baseline

equation (1)

EW t̂
1
(RW 1) vector signal received at end 1 of baseline, located at RW 1 ,

due to transmit polarization t̂ 1

equation (1)

Ĥ V̂ horizontal and vertical polarization unit vectors equation (2)
z0 ground surface altitude Figure 4
RW 0 center of range and azimuth resolutions, at z0 equation (4), Figure 4
r0 volume number density of volume scatterers equation (4)
s0 surface number density of independent surface elements equation (4)
v0 microwave frequency at center of band pass equation (4)
EW t̂

1
(RW 1 , v0 ;

RW v)
vector field received at RW 1 due to volume scatterer at RW v equation (4)

EW t̂
1
(RW 1 , v0 ;

RW g)
vector field received at RW 1 due to surface element at RW g equation (4)

Wr , Wh range, azimuth resolution functions equation (4)
k0 microwave wavenumber at center of band pass equation (5)
A distance factor for spherical waves, 1/uRW 1 2 RW 0 u equation (5)
Fb , Ff backward, forward volume scattering amplitude matrices equation (6)
u0 interferometric incidence angle equation (6)
hv vegetation height equation (6)
sx vegetation volume extinction coefficient equation (6)
a z , a r derivative of interferometric phase with respect to height,

distance, (r, z, h) coordinate system
equation (6)

Ar normalized cross-correlation amplitude contribution from
the distribution of scatterers in range (the r integration)

equation (7)

f0( z0) interferometric phase due to scatterer at RW 0( z0) equation (7)
{HHHH/VVVV} Ĥ to V̂, transmit and receive, polarimetric power ratio equation (8)
YHHVV normalized backscattering {HHVV} cross correlation equation (9)
u

RW
incidence angle for a scatterer at RW equation (5), Figure 5a

RW sp1,RW
specular point on surface for transmission at RW 1 and
reflection toward RW

equation (10), Figure 5b

u sp1,RW
specular reflection incidence angle from RW 1 to RW sp1,RW

equation (10), Figure 5b
FRW sp1,RW

volume scattering matrix from specular ground point to RW 1 equation (10)
R(u0) specular reflection matrix at angle u0 equation (10)
k z , kx , ky derivative of interferometric phase with respect to height,

x, and y, ( x, y, z) coordinate system
equation (13)

D t̂S ratio, specular/backscattering strength for t̂ equation (14)
D Ĥ,Ĥ,V̂,V̂

S specular to back scattering for HHVV equation (17)
WP surface roughness spatial power spectrum equation (20)
a Ĥ,Ĥ , a V̂,V̂ slightly rough surface reflection coefficients equation (21)
D t̂D ratio direct-surface to backscattering strength, defined after

equation (24)
equation (24)

p̂a , p̂b eigenvectors of forward scattering matrix for oriented
volumes

equation (26)

xa , xb refractivities for each eigenvector equation (26)
sxa

, sxb
extinction coefficients for each eigenvector equation (26)

Rg2v ratio of received ground power to received volume power equation (29)
« r ground relative dielectric constant equation (31)
C estimated direct-to-back strength parameter defined after

equation (31)
equation (31)

MI
21 , MI1P

21 interferometry and interferometry and polarimetry analysis
operators

equations (30) and (32)
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Figure 5. The three scattering mechanisms considered in this paper. (a) The randomly oriented
volume scattering mechanism, showing a vegetation scatterer at RW scattering directly back toward the
reception point at RW 1 and indirectly via other scatterers in the medium. (b) The ground-volume,
volume-ground, and direct-ground scattering mechanisms. The specular mechanisms involve the
specular point RW sp1,RW , while the direct mechanism involves the element of surface at RW . (c) The oriented
volume scattering mechanism, showing two eigenpolarizations, p̂a and p̂b . Eigenpolarization p̂b
propagates with higher refractivity (shorter wavelength) and higher extinction coefficient (more severe
attenuation) than p̂a .
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indicated by the complex YHHVV parameter, which
depends on average vegetation orientation and shape.

For vertical structure information about a homo-
geneous, randomly oriented volume, interfero-
metry, which depends on the vegetation height
and underlying topography, is not enhanced by
polarimetry, which does not. That (8) is equal to
unity for randomly oriented volumes and, as will
be seen later, is different from unity for either of
the next two scattering scenarios suggests that
the proximity of {HHHH}/{VVVV} to 1 could be
used as a test for the applicability of the randomly
oriented volume model scenario. There are other
polarimetric ratios, for example, 4{HVHV}/
({HHHH} 1 {VVVV} 2 2Re{HHVV}) [Nghiem
et al., 1992], which are also equal to 1 for a
randomly oriented, i.e., rotationally invariant, me-
dium. These could also serve as tests for random
orientation.

2.2. Randomly Oriented Volume With an
Underlying Ground Surface

Including the cross-correlation contribution due to
a ground surface incrementally increases the level of
realism and complexity in modeling the dependence
of interferometry and polarimetry on the vertical
structure of vegetated land surfaces. When the
ground contributes, adding its effect to the model
increases the eventual parameter estimation accuracy
and also introduces polarimetric sensitivity to vertical
structure, because the ground is an oriented and
therefore polarimetrically sensitive object. Two types
of ground contribution will be considered: the spec-
ular return and the direct (backscattered) ground

return. They are shown in Figure 5b; the two types
of specular return are described in section 2.2.1.
For simplicity, either the specular or direct ground
mechanisms will be assumed to dominate the radar
return, along with that from the randomly oriented
volume. If the specular and direct ground returns
are of comparable magnitude, then they will pro-
duce cross terms in the cross correlation which can
be derived from an obvious extension of the treat-
ment which follows. The cross correlation and the
observations and parameters will be considered for
each ground mechanism below. The specular inter-
action, which will be treated first, includes the
ground-trunk interaction, if tree trunks are viewed
as part of the volume.

2.2.1. Randomly oriented volume plus specular:
Cross correlation. The specular return enters the
first integral in (4) in two ways (Figure 5b): by adding
a field incident on a scatterer at RW due to ground
reflection (at specular point RW sp1,RW

, determined by RW 1
and RW ) of the incident wave from the transmitter at
RW 1 (ground-volume) and by adding a field received at
the ends of the interferometer due to ground reflec-
tion of the scattered wave from RW (volume-ground). It
will be assumed that the average ground slope is zero
and that the statistical properties describing the
ground (ground altitude and reflection coefficient)
are independent of the statistical properties describ-
ing the volume.

The field to be inserted in (4) includes the volume
contribution from (5) plus the ground-volume and
volume-ground contributions, which are derived in
Appendix A:

Figure 5. (continued)

TREUHAFT AND SIQUEIRA: VEGETATION STRUCTURE FROM RADAR152



EW t̂ 1
~RW 1 , v0 ; RW ! 5 A 2Fb,RW z t̂ 1

z exp F2ik0 uRW 1 2 RW u 1
4pir0 ^ t̂ z F f z t̂ &~hv 2 z!

k0 cos uRW
G ~V!

1 A 2 exp F ik0 $uRW 1 2 RW sp1,RW u 1 uRW 2 RW sp1,RW u 1 uRW 1

2 RW u% 1
4pir0 ^ t̂ z F f z t̂ &hv

k0 cos u sp1,RW
G G rough

3 FRW sp1, RW3RW 1
^R ~u sp1,RW !& z t̂ 1 ~G 2 V!

1 A 2 exp F ik0 $uRW 2 RW 1 u 1 uRW 2 RW sp1,RW u

1 uRW sp1,RW 2 RW 1 u% 1
4pir0 ^ t̂ z F f z t̂ &hv

k0 cos u sp1,RW
GG rough

3 ^R~u sp1,RW !& z FRW 13RW sp1,RW
t̂ 1 ~V 2 G!, (10)

where the ground reflection matrix R(u sp1,RW ) in (10),
at the specular angle u sp1,RW between RW 1 and RW , is
diagonal and given by

R~u sp1,RW ! ; SRH ~u sp1,RW ! 0
0 RV ~u sp1,RW !D , (11)

where RH and RV are the horizontal and vertical
complex Fresnel reflection coefficients at u sp1,RW for H
and V polarization, respectively. The reflection matrix
is ensemble-averaged over ground dielectric charac-
teristics. In (10), FRW sp1,RW3RW 1

is the scattering amplitude
matrix for a volume element scattering from the
ground at RW sp1,RW toward the receiver at RW 1 , with the
corresponding definition for FRW 13RW sp1,RW

. For reciprocal
media [Tsang et al., 1985], FRW sp1,RW3RW 1

5 FRW 13RW sp1,RW

T .
The ground roughness term Grough in (10) describes

the loss in specular amplitude due to roughness
[Beckmann and Spizzichino, 1963]:

G rough ; exp @22k 2sH
2 cos u sp1,RW #, (12)

where sH is the standard deviation of the assumed
Gaussian-distributed ground heights. The ground
roughness term is included for completeness, but
since it always multiplies the reflection coefficient, sH
will not appear as a parameter by itself. Multifre-
quency interferometry and polarimetry, which are
beyond the scope of this paper, could potentially be
sensitive to the Grough term by itself, as its frequency
dependence could be quite different from the terms it
multiplies in (10).

The phases of the ground-volume and volume-
ground components of (10) are equal and contain the

total path length indicated in Figure 5b. This path
length, RW 1 3 RW sp1,RW 3 RW ( x, y, z) 3 RW 1 , is
approximately equal to 2uRW 1 2 RW ( x, y, z0)u, twice the
round-trip path length to a point directly below RW , on
the ground as indicated in Appendix B (and Figure
B1). The equivalence of these path lengths is used in
the derivation of the cross correlation in Appendix B.
Because their phases are equal, the two fields in (10)
will contribute cross terms to the cross correlation
calculated below. Inserting the sum of the fields in
(10) into (4), along with their complex conjugates
interchanging RW 1 and RW 2 , therefore yields four
ground terms in the interferometric cross correlation.
A complete derivation is in Appendix B:

^p̂1 z EW t̂ 1
~RW 1 ! p̂*2 z EW *t̂ 2

~RW 2 !&

5 A 4 exp @if0 ~ z0 !# exp F2
2sxhv

cos u0
G E

0

2p
Wh

2 dh

zE
2`

`
Wr

2r0e ia r r dr 3 r0FZv ~hv , sx , p̂1 , t̂ 1 , p̂2 , t̂ 2 !

z ~V p V! 1 G rough
2 ^~ p̂1 z FRW sp1,RW3RW 1

^R~u0 !& z t̂ 1 !

z ~ p̂*2 z F*RW sp1,RW3RW 1
^R*~u0 !& z t̂ *2 !&

3 E
0

hv

dz9 e ikz z9 ~G 2 V) p (G 2 V!

1 G rough
2 ^~ p̂1 z FRW sp1,RW3RW 1

^R~u0 !& z t̂ 1 !

z ~ p̂*2 z ^R*~u0 !&F*RW 13RW sp1,RW
z t̂ *2 !&

3 E
0

hv

dz9 e 2ikz z9~G 2 V) p (V 2 G!

1 G rough
2 ^~ p̂1 z ^R~u0 !&FRW 13RW sp1,RW

z t̂ 1 !

z ~ p̂*2 z F*RW sp1,RW3RW 1
^R*~u0 !& z t̂ *2 !&

3 E
0

hv

dz9 e ikz z9 ~V 2 G) p (G 2 V!

1 G rough
2 ^~ p̂1 z ^R~u0 !&FRW 13RW sp1,RW

z t̂ 1 !

z ~ p̂*2 z ^R*~u0 &!F*RW 13RW sp1,RW
z t̂ *2 !&

3 E
0

hv

dz9 e 2ikz z9G ~V 2 G) p (V 2 G! (13)
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where Zv is as in (6), the central incidence angle, u0
approximates the exact specular angle for each scat-
terer, and the scattering amplitudes to or from the RW 1
direction are assumed equal to those to or from the
RW 2 direction. In (13), k z is the partial derivative of
interferometric phase with respect to the vertical
coordinate z but holding rectangular coordinates x
and y fixed. The need for holding rectangular coordi-
nates fixed, as opposed to holding spherical coordi-
nates fixed as in a z , is given along with an expression
for k z in Appendix B. The four ground terms in (13)
are for the various combinations of ground-volume
and volume-ground that correlate with each other.
Terms involving ground-volume-ground returns (two
specular reflections) have been left out because they
are often small due to attenuation in the vegetation.
Note that if p̂1 5 t̂ 1 and p̂2 5 t̂ 2 and a reciprocal
volume is assumed (FRW 13RW sp1,RW

5 FRW sp1,RW3RW 1

T ), the volume-
volume term of (13) contributes a phasor with a phase
somewhere in the volume, depending on extinction,
while the net phase of the specular terms is f0( z0),
constituting a phasor from the ground. As is shown in
Appendix B, if there is a transmitter at each end of the
baseline (ping-pong), the effective baseline doubles, and
kz 3 0 in (13), and the phase of the ground contribu-
tions is zero (i.e., as though generated by sources on the
ground at z 5 z0) regardless of polarization combi-
nation and reciprocity of the medium.

2.2.2. Randomly oriented volume plus specular:
Observations and parameters. Calculating the nor-
malized interferometric cross correlation, as in (7),
involves setting all polarizations to be the same in
(13). With all polarizations equal to t̂ , for reciprocal
media (which will be assumed), the expectation values
in the last four terms of (13) become the same, and
the cross correlation becomes

^ t̂ z EW t̂ ~RW 1 ! t̂ * z EW *t̂ ~RW 2 !&

Î^u t̂ z EW t̂ ~RW 1 !u 2& Î^u t̂ z EW t̂ ~RW 2 !u 2&

5 Are if0 ~ z0 ! FE
0

hv

e iaz z9 exp F 2sx z9

cos u0
G dz9

1 4
G rough

2 ^R t̂ ~u0 !& 2^u t̂ z FRW sp1,RW3RW 1
z t̂ u 2&

^u t̂ z Fb z t̂ u 2&
hv

sin k zhv

k zhv
G

3 Fcos u0 Se 2sx hv /cosu0 2 1

2sx
D

1 4
Grough

2 ^R t̂ ~u0 !&2^u t̂ z FRW sp1,RW3RW 1
z t̂ u2&

^u t̂ z Fb z t̂ u2&
hvG21

[Ar eif 0 ~ z 0 !

z HFE
0

hv

e iaz z9 exp F 2sx z9

cos u0
G dz9 1 4D t̂

Shv

sin k zhv

k zhv
G

YFcos u0Se 2sx hv /cosu0 2 1

2sx
D 1 4D t̂

S hvGJ . (14)

Again, the volume contributes a phase equivalent to
one originating from a point between 0 and hv , while
the specular ground contributions come from the
ground at z 5 z0 . This expression shows that four
parameters completely describe the single-polariza-
tion cross correlation when the specular mechanism is
added: (1) hv , (2) z0 , (3) sx (as for the randomly
oriented volume), and (4) D t̂S , which is defined by
(14) for specular interactions and which equals D V̂

S

when the interferometric transmit polarization is V̂,
as in TOPSAR. This last real parameter D V̂

S is a
measure of the strength of the ground contribution
relative to that of the volume contribution and is the
product of the roughness loss, the reflection coeffi-
cient squared (for polarization V̂), and the squared
ratio of the specular (RW sp1,RW 3 RW 1) to backscattered
amplitudes for the volume (again, for polarization V̂).
Because D V̂

S is the product of these terms, and
because these terms are not sensitive to baseline, they
cannot be uniquely estimated from interferometry
alone.

From (13) and (14), noting that ^uĤ z Fb z Ĥu 2 & 5
^uV̂ z Fb z V̂u 2 & for randomly oriented volumes, the
polarimetric ratio {HHHH}/{VVVV} is

$HHHH%/$VVVV% 5 FE
0

hv

exp F 2sx z9

cos u0
G dz9 1 4D Ĥ

S hvG
YFE

0

hv

exp F 2sx z9

cos u0
G dz9 1 4D V̂

ShvG .

The {HHHH}/{VVVV} ratio depends on (1) hv , (2)
sx , (3) D V̂

S , and (4) D Ĥ
S . Comparison of (8) and (15)

shows that the presence of the specular ground return
sensitizes the {HHHH}/{VVVV} ratio to the vertical
structure parameter hv . If the interferometric cross
correlation (14) and the {HHHH}/{VVVV} ratio
(15) are considered together as the observation set, a
total of five parameters are required (see Table 2).
Because the additional parameter in (15) D Ĥ

S only
occurs in the {HHHH}/{VVVV} ratio, adding the
polarimetric ratio to the interferometric observations
does not improve the accuracy of structure parame-
ters very much; it merely serves to estimate D Ĥ

S .
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However, if in addition to the normalized cross corre-
lation in (14) with V̂ polarization, a normalized version
of ^Ĥ z EW Ĥ(RW 1)Ĥ z EW*Ĥ(RW 2)& were also measured at Ĥ
(i.e., polarimetric interferometry), this additional ob-
servation would also depend on D Ĥ

S . Using polarimet-
ric interferometry along with the zero-baseline pola-
rimetry in (15) would improve the estimation of
structure parameters. Fully polarimetric multibase-
line interferometry would further increase the obser-
vation set from which to estimate the five parameters
mentioned. If assumptions are made regarding the
relationship between D V̂

S and D Ĥ
S , for example, that

their ratio is equal to the ratio of the Fresnel reflection
coefficients, then the parameter estimation perfor-
mance changes somewhat, and introducing the
{HHHH}/{VVVV} ratio does improve estimation.
This is equivalent to assuming that the ratios of specular
to backscattering amplitudes in the D t̂S parameters are
independent of polarization. This is a detail which will
not be pursued here but which might be worth exploring
to improve parameter estimation when fully polarimet-
ric interferometry is not available.

Considering another polarimetric quantity, the nor-
malized {HHVV} ratio, shows that the introduction of
this polarimetric observation again increases the size of
the parameter list on which the total interferometric and
polarimetric observations depend. From (13),

$HHVV%

Î$HHHH% Î$VVVV%

5 FYHHVV E
0

hv

exp F 2sx z9

cos u0
G dz9 1 4D Ĥ,Ĥ,V̂,V̂

S hvG
YH ÎE

0

hv

exp F 2sx z9

cos u0
G dz9 1 4D Ĥ

S hv

ÎE
0

hv

exp F 2sx z9

cos u0
G dz9 1 4D Ĥ

S hv ,J (16)

where YHHVV is defined in (9) and

D Ĥ,Ĥ,V̂,V̂
S ; ^RĤ ~u0 !&^R*V̂ ~u0 !&

@~^Ĥ z FRW sp1,RW3RW 1
z ĤV̂ z F*RW sp1,RW3RW 1

z V̂&/Î^uĤ z Fb z Ĥu 2& Î^uV̂ z F*b z V̂u 2&) G rough
2 ]. (17)

Equations (16) and (17) show that in addition to the
five parameters on which the interferometric cross
correlation and {HHHH}/{VVVV} ratio depend,

the normalized {HHVV} ratio depends on (6) the
real part of YHHVV , (7) the imaginary part of YHHVV ,
(8) the real part of D Ĥ,Ĥ,V̂,V̂

S , as defined in (17), and
(9) the imaginary part of D Ĥ,Ĥ,V̂,V̂

S . These four new
parameters have to do with the strengths of backscat-
tering and specular scattering and depend on the
shape and orientation of the volume scatterers and
have very little to do with the vertical structure of the
vegetated land surface. Once again, simply adding
polarimetry adds too many new nonstructural param-
eters to improve estimation of structural parameters.
However, with polarimetric interferometry along with
the zero-baseline polarimetry above, the inclusion of
the normalized {HHVV} ratio and the consequent
estimation of these new nonstructural parameters will
probably improve the accuracy with which vertical
structure parameters are estimated. The quantitative
sensitivity of interferometry and polarimetry to
ground contributions will be presented for direct-
ground contributions only, in the next sections.

2.2.3. Randomly oriented volume plus direct
ground: Cross correlation. This section will derive
the cross correlation for the randomly oriented vol-
ume with a direct-ground contribution. The mecha-
nism is schematically shown in the lower part of
Figure 5b. The fields from the randomly oriented
volume, as before, are inserted into the first integral
in (4), resulting in (6), but the fields from the direct-
ground return are inserted in the second integral in
(4). These fields will be taken to arise from randomly
distributed patches of surface, of length L on a side,
where L is much greater than the distance over which
surface roughness features which induce backscatter
are correlated but much smaller than a range resolu-
tion cell (see Figure C1). The dielectric constant of
each small patch is also assumed uncorrelated with
that of any other. The field scattered from each small
patch is given by the vector equivalent of the Kirchoff
integral [Jackson, 1975; Ishimaru, 1978] over the
patch of surface. For example, the first field needed
for the second integral in (4), due to a small patch
centered at RW , with incidence angle u WR , is given by an
integral over the surface of that patch:

p̂1 z EW t̂ 1
~RW 1 , v0 ; RW ! 5 exp F2pir0 ^ t̂ z F f z t̂ &hv

k0 cos uRW
G

3 p̂1 z $¹W 3 E @N̂9 3 EW t̂ 1
~RW 9!#G~RW 1 , RW 9! ds9

1
i

v0e0
¹W 3 ¹WE @N̂9 3 HW t̂ 1

~RW 9!#G~RW 1 , RW 9! ds9J , (18)
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where N̂9 is a surface unit normal and EW t̂
1
(RW 9) is the

scattered electric field on the surface at the position
RW 9, a small distance away from RW , due to an incident
field with polarization t̂ 1 . In (18), HW t̂

1
(RW 9) is the

scattered magnetic field on the surface at RW 9, and
G(RW 1 , RW 9) is the Green’s function for the reception
point RW 1 and the integration point on the surface at
RW 9. The first term in (18) accounts for the outgoing
propagation of the wave through the randomly ori-
ented volume, and the fields inside the integrand are
assumed to be generated by incident waves which
have propagated through the volume.

The expression for the received field due to a
surface element in (18) is completely general and
could potentially be used for any degree of surface
roughness. Including higher-order roughness and the
associated parameters (see Appendix C) may be
feasible with the more extended data set of multibase-
line polarimetric interferometry in the future. Be-
cause the data set used in the demonstration which
follows in section 3 was limited, and surface rough-
ness at the site was small, the following calculation of
EW t̂

1
(RW 9) and HW t̂

1
(RW 9), described in detail in Appen-

dix C, assumes slightly rough surfaces (k0sH ,, 1).
In Appendix C the fields are shown to depend on the
Fourier transform of the roughness pattern P(nm,
nn), with n 5 2p/L and m and n being integers in the
Fourier sum. Inserting those fields into (18), as shown
in Appendix C, yields

p̂1 z EW t̂ 1
~RW 1 , v0 ; RW ! 5

ik0

4p

e2ik 0 uRW 1 2RW u

uRW 1 2RW u2
expF4pir0 ^ t̂ z Ff z t̂ &hv

k0 cos uRW
G

zE dx9 d y9 O
m,n

P~nm, nn!e i~~nm12k0 sinuRW ! x91nny9!

z f p̂1 , t̂ 1
~nm, nn!, (19)

where f p̂1 , t̂
1
(nm, nn) is a function of the dielectric

constant, scattering geometry, and p̂1 2 t̂ 1 polariza-
tions. The ensemble average of (19) times the com-
plex conjugate of the analog of (19) for the field
received at RW 2 , required for insertion in (4), is (see
Appendix C for missing steps)

^p̂1 z EW t̂ 1
~RW 1 , v0 ; RW ! p̂*2 z EW *t̂ 2

~RW 2 , v0 ; RW !&

5
A 4k0

2L 2

4
WP ~22k0 sin uRW , 0!

3 ^f p̂1 , t̂ 1
~22k0 sin uRW , 0! f*p̂2 , t̂ 2

~22k0 sin uRW , 0!&

z e ik0 uRW 1 2RW u2uRW 2 2RW u exp F 2 2sxhv

cos uRW
G , (20)

where WP(nx , ny) is the power spectrum of the
surface roughness at spatial frequencies nx , ny , as
indicated in Appendix C. For slightly rough direct-
surface scattering it has been shown that for backscat-
tering [Ulaby et al., 1982; Valenzuela, 1967]

^f p̂1 , t̂ 1
~22k0 sin uRW , 0! f*p̂2 , t̂ 2

~22k0 sin uRW , 0!&

5 16k0
2 cos 4 uRW ^a p̂1 , t̂ 1

a*p̂2 , t̂ 2
&, (21)

where

a Ĥ,Ĥ 5
« r 2 1

@cos uRW 1 ~« r 2 sin 2 uRW ! 1/ 2# 2

a V̂,V̂ 5
~« r 2 1!@« r sin 2 uRW 1 ~« r 2 sin 2 uRW !#

@« r cos uRW 1 ~« r 2 sin 2 uRW ! 1/ 2# 2

a Ĥ,V̂ 5 a V̂,Ĥ 5 0 (22)

where « r is the complex, relative dielectric constant of
the ground.

Inserting (21) into (20) and (20) into the second
integral in (4) and using (6) for the first, purely
volume integral yields the cross correlation due to a
randomly oriented volume over a backscattering
ground surface:

^p̂1 z EW t̂ 1
~RW 1 ! p̂*2 z EW *t̂ 2

~RW 2 !&

5 A 4e if0 ~ z0 ! exp F2
2sxhv

cos u0
G E

0

2p
Wh

2 dh

zE
2`

`
Wr

2r0 eia r r dr @r0 Zv ~hv , sx , p̂1 , t̂ 1 , p̂2 , t̂ 2 ! ~V p V!

1 4k0
4 cos 4 u0WP ~22k0 sin u0 , 0!

z ^a p̂1 , t̂ 1
a*p̂2 , t̂ 2

&# ~DG) p (DG!. (23)

Note that in (23) the surface density of patches is
taken to be 1/L 2 ; that is, the surface is completely
filled with patches. Also, note that the direct-ground
contribution to the cross correlation in (23), like the
specular ground contribution under the assumptions
mentioned in section 2.2.1, contributes a phasor with
phase f0( z0), from the ground. This is true whether
or not the surface is assumed to be slightly rough, but
the polarimetric signatures in the a p̂, t̂ will change
with the magnitude of surface roughness. The specular
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and direct-ground mechanism each present a differ-
ent parameter estimation scenario, as shown below.

2.2.4. Randomly oriented volume plus direct
ground: Observations and parameters. The nor-
malized interferometric cross correlation from (23)
for the randomly oriented volume 1 direct-ground
scenario is equivalent to the model M for this scenario
and is given in terms of vegetation parameters by

^ t̂ z EW t̂ ~RW 1 ! t̂ * z EW *t̂ ~RW 2 !&

Î^u t̂ z EW t̂ ~RW 1 !u 2& Î^u t̂ z EW t̂ ~RW 2 !u 2&
5 Are if0 ~ z0 !

z HFE
0

hv

e iaz z9 exp F 2sx z9

cos u0
G dz9 1 4D t̂

DG
YFcos u0Se 2sx hv /cosu0 2 1

2sx
D 1 4D t̂

DGJ , (24)

where D t̂D [ k0
4 cos4 u0WP(22k0 sin u0 , 0)^a t̂ , t̂2 &/

r0 ^u t̂ z Fb z t̂ u 2 & represents the strength of the
ground contribution, relative to the volume strength.
As for the specular case, interferometry is sensitive to
a volume component with a phase corresponding to a
vertical height within the volume and a ground com-
ponent with a phase corresponding to the ground
altitude at z 5 z0 . However, comparing (24) to (14)
shows that the direct-ground relative contribution
containing D t̂D in (24) does not increase with vegeta-
tion height like the analogous specular term in (14).
Unlike D t̂S , it also decreases with vegetation density
r0. These differences simply point out that the spec-
ular return is really a volume effect, in which the
waves incident on and scattered from the volume are
coherently reflected by the ground. The direct-ground
mechanism is a surface effect, in which the rough
surface contributes new incoherently scattered re-
turns. The four parameters describing the direct-
ground return for interferometry are, for a V̂ inter-
ferometer, (1) hv , (2) z0 , (3) sx , and (4) D V̂

D .
For {HHHH/VVVV} an additional parameter (pa-

rameter 5) D Ĥ
D is introduced. From (23) the {HHHH/

VVVV} ratio is

$HHHH%/$VVVV% 5

FE
0

h v

exp F 2sx z9

cos u0
G dz9 1 4DĤ

DG
FE

0

h v

exp F 2sx z9

cos u0
G dz9 1 4DV̂

DG .
(25)

If the surface is assumed to be only slightly rough,
then the ratio D Ĥ

D /D V̂
D is a Ĥ,Ĥ /a V̂,V̂ , from (22), if the

interferometry and polarimetry are done at the same
incidence angle. The normalized {HHVV} cross cor-
relation can be derived. As in the specular case, this
observation introduces the YHHVV parameter and a
D Ĥ,Ĥ,V̂,V̂

D parameter analogous to its specular coun-
terpart defined in (17).

2.3. Oriented Volume

As the final model scenario, this section considers
the cross correlation resulting from an oriented vol-
ume with no ground surface. Ultimately, an oriented
volume with a ground surface should be considered,
but this simplified treatment is intended to isolate the
cross correlation and parameters which arise from
each model scenario rather than from their combina-
tion. Tree trunks and branches can obviously have
preferred orientation directions, and this section
demonstrates the resulting interferometric and pola-
rimetric cross-correlation signatures.

2.3.1. Oriented volume: Cross correlation. When
the volume is oriented, the average forward scattering
matrix ^Ff & in (5) is no longer a multiple of the
identity matrix. As is shown in Appendix D, a wave
incident on an oriented volume will propagate along
two polarizations which are eigenvectors of ^Ff &,
called “eigenpolarizations” [Tsang et al., 1985]. If the
eigenpolarizations of a medium are p̂a and p̂b , they
will each propagate through the medium with refrac-
tivity (index of refraction 21) xa and xb and extinc-
tion sxa

and sxb
, respectively, as shown in Figure 5c.

The quantity (k0 / 2pr0)(k0xa 1 isxa
/ 2) is the eig-

envalue of the ^Ff & matrix corresponding to eigenvec-
tor p̂a . The field necessary for insertion into the first
integral in (4) involves projections of the incident and
received polarizations onto the eigenpolarizations
and is given by (see Appendix D)

p̂1 z EW t̂ 1
~RW 1 , v0 ; RW ! 5 A 2e 2ik0 uRW 1 2RW u 3 O

i, j

~ p̂1 z p̂ i !~ t̂ 1 z p̂ j !

z ~ p̂ i z Fb z p̂ j ! exp F ik0 ~x i 1 x j !~hv 2 z!

cos uRW
G

z exp F2
~sxi

1 sxj
!~hv 2 z!

2 cos uRW
G

; A2e2ik 0 uRW 1 2RW uPW 1,eigen~z! z Fb,eigen z TW 1,eigen~z!,
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PW 1,eigen ; 1p̂1 z p̂a exp FSik0 xa 2 sxa
/2

cos uRW
D~hv 2 z!G

p̂1 z p̂b exp FSik0 xb 2 sxb
/2

cos uRW
D~hv 2 z!G2, (26)

where the indices i and j run over the eigenpolariza-
tion labels a and b. Equation (26) expresses the field
needed for (4) in matrix notation, with the vector
PW 1,eigen defined in the ( p̂a , p̂b) eigenpolarization
vector basis, as opposed to the H-V basis in (2), and
a similar definition for TW 1,eigen applies. Similarly,
Fb,eigen is the backscattering matrix expressed in the
eigenpolarization basis, as opposed to the H-V basis
in (5). Inserting (26) and its complex conjugate into
the first integral in (4) yields for the cross correlation
from an oriented volume:

^p̂1 z EW t̂ 1
~RW 1 ! p̂*2 z EW *t̂ 2

~RW 2 !&

5 A 4e if0 ~ z0 ! E Wh
2 dh E Wr

2e ia r rr0 dr

3E
0

h v

dz r0 eia z z O
i, j,k,l

~ p̂1 z p̂i !~ t̂ 1 z p̂j !~ p̂*2 z p̂*k !~ t̂*2 z p̂*l !

z ^~ p̂ i z Fb z p̂ j !~ p̂*k z F*b z p̂*l !&

z exp F ik0 ~x i 1 x j 2 xk 2 x l !~hv 2 z!

cos u0
G

z exp F2
~sxi

1 sxj
1 sxk

1 sxl
!~hv 2 z!

2 cos u0
G

; A 4e if0 ~ z0 ! E Wh
2 dh E Wr

2e ia r rr0 dr

3 E
0

hv

dz r0e iaz z^~PW 1,eigen z Fb,eigen z TW 1,eigen !

z ~PW *2,eigen z F*b,eigen z TW *2,eigen !&. (27)

2.3.2. Oriented volume: Observations and pa-
rameters. From (27), if the polarization at which
interferometry is done is not an eigenpolarization, the
usual normalized cross correlation depends on many
parameters. In addition to the vegetation height (hv)
and the altitude of the underlying surface ( z0), the
difference in refractivity of the two eigenpolariza-

tions, xa 2 xb , is also a parameter, as well as the
extinction coefficients for each eigenpolarization, sxa

and sxb
. In addition, the backscattering matrix aver-

ages ^( p̂ i z Fb z p̂ j)( p̂*k z F*b z p̂*l)&, where i, j, k, l
take on the eigenpolarization indices a and b, consti-
tute 18 new parameters (three complex parameters
for each matrix in the product), if the medium is
reciprocal [Tsang et al., 1985]. The eigenvectors p̂a
and p̂b can be characterized by a single parameter,
f â,Ĥ , the angle between the â polarization and Ĥ
(assuming that â is perpendicular to b̂). The resulting
set of 24 parameters seems prohibitive, but symme-
tries in the medium may reduce the number of
independent parameters [Moghaddam, 2000], and
with multibaseline polarimetric interferometry, more
than 24 observations are available from which to
estimate the parameters.

In the absence of symmetries, if POLINSAR is
available, one approach to simplifying the parameter
estimation is to use polarimetric optimization tech-
niques to find f â,Ĥ [Cloude and Pottier, 1996]. Pola-
rimetric interferometry can then effectively be done
first with p̂1 5 t̂ 1 5 p̂2 5 t̂ 2 5 p̂a , then with p̂1 5
p̂b , t̂ 1 5 p̂a , p̂2 5 p̂b , t̂ 2 5 p̂a , and finally with
p̂1 5 t̂ 1 5 p̂2 5 t̂ 2 5 p̂b . The three cross
correlations at the eigenpolarizations, coupled with
the zero-baseline polarimetry used in optimization,
depend on the parameters: (1) hv , (2) z0 , (3) sxa

,
(4) sxb

, and (5) f â,Ĥ , a tractable parameter set
which could be estimated with single-baseline PO-
LINSAR [Treuhaft and Cloude, 1999].

3. Parameter Estimate Accuracy
This section addresses the accuracy of the vegeta-

tion and surface parameters enumerated in the pre-
vious section. The estimation of parameters can be
viewed schematically as [Hamilton, 1964]

Sparam1

param2···
D 5 M 21Sobs1

obs2···
D , (28)

where the left-hand column vector represents the
vegetation and surface parameters to be estimated
and the right-hand column vector represents the
observations available, such as those in the middle
column of Table 2. In (28), M21 is an operator which
gives the optimal parameter estimates (as defined
below in equation (33)) as a function of the observa-
tions and is the equivalent of the process described in
Figure 1. (The nonlinear estimation operator M21 is
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strictly not the inverse of the physical model M, but is
represented by Figure 1, in which M is used.) That
process uses M based on equations such as (7), (9),
(14), (15), (16), (24), (25), and (27). The error in the
parameter vector arises from an assessment of the
errors in the observations and in M. In section 3.1
below, the sensitivity of the observations to parame-
ters, related by models derived in this paper, is first
explored. In general, the more sensitive an observa-
tion is to a parameter, the more accurate the param-
eter estimate is. In section 3.2, parameter estimate
results from the BOREAS project demonstrate the
feasibility of interferometry 1 polarimetry for deter-
mining vegetation and surface parameters. This sec-
tion will focus on vegetation height hv , the surface
topography z0 , and the ratio of ground to volume
power, Rg2v , which is a function of parameters to be
shown below. It will be shown that interferometry 1
polarimetry and ultimately polarimetric interferome-
try have the potential of determining hv to 4.2 m, z0
to 6.5 m, and Rg2v to 10%, for data types and
accuracies typical of TOPSAR in 1995, the epoch of
the data demonstration. All of these accuracies
should improve with instrumentation currently be-
coming available.

3.1. Observation Sensitivity to Parameters

In order to understand parameter estimate accu-
racy as a function of the array of observations avail-
able, the sensitivities of the interferometric cross-
correlation amplitude and the {HHHH/VVVV} ratio
to vegetation height are considered in Figure 6a, for
a randomly oriented volume with a direct-ground
return. The direct-ground mechanism discussed in
the second model scenario was chosen because it
appears to dominate the C-band data shown in the
section 3.2. The sensitivity of a randomly oriented
volume only is shown in two of the curves in Figure
6a, using (7) to determine the normalized cross-
correlation amplitude and (8) to show the {HHHH/
VVVV} ratio. Equations (24) and (25) determine the
“volume 1 ground” curves in Figure 6a. In order to
determine the cross-correlation amplitude and the
{HHHH/VVVV} ratio, in addition to the vegetation
height hv on the abscissa, the extinction coefficient sx
and the ratios D V̂

D and D Ĥ
D must be specified. The

extinction coefficient was taken to be 0.3 dB/m, and
D V̂

D was taken to be equal to 10a V̂,V̂
2 , with a V̂,V̂ as in

(22) at 358 incidence, with a similar relationship for
D Ĥ

D . The values of D V̂
D and D Ĥ

D were chosen to
represent slightly rough surface scattering, with the

ratio of ground to volume received power, Rg2v , at V̂
polarization about 10% for hv 5 20 m, as is typical of
many forest types [Moghaddam and Saatchi, 1995;
Freeman and Durden, 1998]. From (24) this ratio is

Rg2v 5
4gD V̂

D

e ghv 2 1
, (29)

where g [ 2sx /cos u0. The baseline used for Figure
6a was 5 m, at a radar altitude of 7980 m. It can be
seen that for the volume 1 ground curve, a change in
vegetation height of 10 m produces about a 10%
change in the cross-correlation amplitude between
10- and 20-m heights and a smaller change for higher
heights. Therefore, if the interferometric cross-corre-
lation amplitude could be measured with ;1% accu-
racy, few-meter vegetation height determinations
should result. Figure 6a also implies that the correla-
tion amplitude is more sensitive to vegetation height
changes when there is some contribution from the
ground, and therefore the presence of a ground
return can improve the accuracy of the height esti-
mate. The change in {HHHH/VVVV} ratio for a
10-m change in vegetation height is between 5% and
15%, also showing that a few-percent determination
of {HHHH/VVVV} ratio could help to determine
vegetation height to a few meters. Again, because the
{HHHH/VVVV} ratio is only sensitive to vegetation
height if the ground return contributes (for a ran-
domly oriented volume), including polarimetry in the
presence of a ground return can (with parameter-
constraining assumptions as mentioned below) enable
improved vegetation height estimation.

Figure 6b is an example of the sensitivity of pola-
rimetry to an oriented volume. A calculation of the
oriented-volume cross correlation from (27) assumed
small dipoles with preferred orientations, which led to
expressions for the extinction coefficients and refrac-
tivities and the ^( p̂ i z Fb z p̂ j)( p̂*k z F*b z p̂*l)&
backscattering terms needed in (27). Dipoles were
assumed to be oriented with equal probability with
polar angle between 58 and 958 and with uniform
azimuthal angle (between 08 and 3608). The restricted
polar-angle range generates the orientation charac-
teristics of the volume. The azimuthal symmetry
causes the average forward scattering matrix of the
medium, ^Ff &, to be diagonal, and there is therefore
no rotation of an Ĥ or V̂ polarization vector as it
propagates through the oriented medium. If the
extinction coefficient at V̂ polarization of the oriented
volume is again taken to be 0.3 dB/m, as in Figure 6a,
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Figure 6. (a) The calculated interferometric cross-correlation amplitude and polarimetric {HHHH/
VVVV} ratio as a function of vegetation height, for volume-only and volume 1 ground radar returns.
The volume is assumed randomly oriented in both cases, with an extinction coefficient of 0.3 dB/m. The
baseline used in the calculation was 5 m, the radar altitude was 7980 m, and the wavelength was 5.6 cm.
The strength of the ground contribution was such that the ratio of ground to volume power was about
10% for a 20-m vegetation height. (b) The calculated {HHHH/VVVV} ratio as a function of vegetation
height for an oriented vegetation volume of dipoles, constrained to have polar angles between 58 and
958, with azimuthal symmetry. The {HHHH/VVVV} ratios for the randomly oriented and ground 1
volume mechanisms are shown for reference.
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the interferometric cross correlation for the oriented
volume is exactly the same as the “volume-only” cross
correlation for the randomly oriented volume. That
is, orienting a volume with azimuthal symmetry
(eigenpolarizations are Ĥ and V̂) does not change the
interferometric cross-correlation amplitude at V̂ or
Ĥ, if the extinction coefficient is not changed. The
{HHHH/VVVV} ratio, however, does change. Figure
6b shows that the {HHHH/VVVV} signatures due to
an oriented volume can be of the same order as those
due to a randomly oriented volume and a ground
surface. Parameters estimated by assuming a ran-
domly oriented volume plus a ground surface may
therefore be in error if the volume is actually ori-
ented. Ideally, both an oriented volume and a ground
surface would be included in the model M, but the
number of parameters describing such a model would
require fully polarimetric interferometry at a few
baselines.

3.2. Parameter Estimate Accuracies From Data
The data demonstration in this section shows the

plausibility of combining interferometry and polarim-
etry based on the simple parameter dependencies in
the text and summarized in Table 2. Because the data
in the demonstration which follows are limited and
consist of two interferometric baselines at V̂ and
zero-baseline polarimetry, only the randomly ori-
ented volume 1 direct-ground surface will be in-
cluded in M used in the parameter estimation. Vol-
ume orientation effects will be regarded as a possible
source of error. The direct-ground mechanism from a
slightly rough surface will be assumed below because
for all but one of the 10 stands observed, the
{HHHH/VVVV} ratio is less than 1. From (15), (22),
and (25) it follows that because RĤ(u0) . RV̂(u0)

(specular) and because a Ĥ,Ĥ , a V̂,V̂ (direct), the
sign of {HHHH/VVVV} 2 1 is a reasonable discrim-
inator between specular (positive) or direct (negative)
contributions. With the expanded data set of multi-
baseline polarimetric interferometry, both ground
mechanisms could be considered and the slightly
rough assumption would not be necessary, but that is
beyond the scope of the present demonstration.

The interferometric data were collected at the
BOREAS Southern Study Area in Prince Albert
National Park, Saskatchewan, Canada, in July 1995.
The part of the site used is reasonably flat, obviating
the need for estimating ground slope parameters not
treated in any of the model scenarios described. The
data were taken with TOPSAR [Zebker et al., 1992]
(interferometry at V̂ polarization) at C band (wave-
length 5 5.6 cm) in “ping-pong” mode. Ping-pong
refers to the data acquisition mode in which signals
are alternately transmitted from each end of the
baseline. By following the derivation of the cross
correlation of Treuhaft et al. [1996], it can be shown
that ping-pong acquisition, for a direct-ground 1
randomly oriented volume mechanism, results in an
effective doubling of the usual 2.5-m TOPSAR base-
line, yielding the additional 5-m baseline used in this
analysis. The interferometric data were taken at an
aircraft altitude of approximately 7.5 km. The
{HHHH/VVVV} ratios were collected with AIRSAR
(zero-baseline polarimetry) in July 1994 over the
same area.

The interferometric cross-correlation amplitudes
and phases, as well as the {HHHH/VVVV} ratios,
incidence angles, field-measured height, and radar-
estimated height, are given in Table 4. The cross-
correlation amplitudes in Table 4 have been cor-

Table 4. Cross-Correlation Amplitudes (Corrected for Noise Contributions) and Phases, the {HHHH/VVVV}
Ratios, and Incidence Angles From the BOREAS Data

Stand
2.5-m

Amplitude
2.5-m Phase,

deg
5-m

Amplitude
5-m Phase,

deg
HHHH/VVVV

Ratio
u0,
deg

up ,
deg

1 0.959 (0.003) 40.5 (2.9) 0.844 (0.006) 62.9 (5.1) 0.898 (0.016) 29.3 56.6
2 0.921 (0.007) 57.8 (1.1) 0.724 (0.024) 104.3 (5.9) 0.916 (0.022) 28.0 59.6
3 0.977 (0.004) 45.1 (5.2) 0.913 (0.010) 80.0 (8.4) 0.926 (0.022) 32.7 56.6
4 0.974 (0.001) 13.7 (0.5) 0.895 (0.005) 22.7 (0.9) 0.914 (0.032) 33.4 54.4
5 0.974 (0.002) 8.9 (0.4) 0.903 (0.007) 21.7 (1.5) 0.960 (0.027) 37.1 52.5
6 1.001 (0.001) 0 (0.3) 1.001 (0.002) 0 (0.98) 1.270 (0.024) 36.5 53.7
7 0.999 (0.002) 0.2 (1.9) 1.003 (0.005) 2.7 (3.3) 0.917 (0.025) 39.8 52.5
8 0.999 (0.001) 7.2 (0.8) 0.987 (0.001) 16.9 (2.1) 0.985 (0.032) 41.5 51.3
9 0.997 (0.002) 223.5 (0.3) 0.978 (0.005) 258.4 (0.6) 0.985 (0.037) 28.4 56.0
10 0.987 (0.003) 37.5 (0.9) 0.945 (0.010) 82.8 (1.4) 0.991 (0.021) 41.5 47.4

Stand numbers correspond to Figure 7. Observation standard deviations are in parentheses.
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rected for thermal noise effects by dividing the raw
amplitude by that for the cross correlation of signals
transmitted at end 1 and received at end 2, with those
transmitted at end 2 and end 1. This “zero-baseline”
interferometric cross correlation is dominated by the
thermal noise contribution. The range correlation
effects, represented by Ar throughout section 2, have
been removed by modeling the finite bandwidth chirp
structure, which typically induces a 1–3% reduction in
correlation [Treuhaft et al., 1996]. That some of the
cross-correlation amplitudes are slightly greater than
1.0 is a lower-bound indication of the error in the
above two amplitude corrections. Coincident inter-
ferometric and polarimetric data over a reasonably
flat, well-calibrated area were not available at the
time of the analysis for this paper, but such a data set
has recently been acquired and is currently in the
early processing phase, and will be reported in future
publications. The analysis below proceeds under the
assumption that because the {HHHH/VVVV} data
were taken at the same time of year over the same
site, they result from similar terrain characteristics as
the interferometric data taken 1 year later. Implicit
also is the assumption that instrumental calibration of
the {HHHH/VVVV} data is accurate at the 1% level
or better for the two acquisition epochs. If these
assumptions are in error, they will probably contrib-
ute to errors in the parameters estimated with inter-
ferometry and polarimetry.

Figure 7 shows an interferometric cross-correlation
amplitude map of the part of the BOREAS Southern
Study Area used in the data demonstration of param-
eter estimation. The correlation amplitudes range
from about 0.8 to 1.0 for the 5-m TOPSAR (ping-
pong) baseline, and the stands of Table 4 are num-
bered. The approximate coordinates of the center of
the image are 2104.78 longitude and 53.98 latitude.
Each stand is 100–200 m on a side, with field-
measured stand heights and vegetation types as indi-
cated in Table 5 (Saskatchewan Environment and
Resource Management, report, available at http://
www-eosdis.ornl.gov/, 1998). In Figure 7 the darker
areas (smaller amplitudes) result from taller vegeta-
tion. Although thermal noise effects have been re-
moved from Figure 7, the range effects in Ar have not
been removed, and there is some trend toward lower
correlation amplitudes at smaller incidence angles
(left-hand side of the figure).

Parameters will be estimated in two modes of

analysis: (1) from the interferometric data alone and
then (2) from the combined interferometric 1
{HHHH/VVVV}-ratio data set. Other polarimetric
quantities will not be introduced because from Table
2, their inclusion in the analysis introduces the need
to estimate more parameters which have to do with
single-scatterer characteristics and not vertical vege-
tation structure. For the direct-ground mechanism
the parameter estimates (indicated by circumflexes
below) in the first mode, from the 2.5- and 5-m
interferometric-baseline data alone, can be repre-
sented by (see equation (24))

1
ĥv

ẑ0

ŝx

D̂V̂
D25 MI

211
2.5-m correlation amplitude

2.5-m correlation phase
5-m correlation amplitude

5-m correlation phase
2 ; MI

21~OI !,

(30)

where MI
21 is an operator which transforms a set of

two-baseline interferometric data into the parameter
estimates on the left side of (30), using MI as in (24).
In (30) the observation vector (OI) is defined by (30).
If the {HHHH/VVVV} ratio is included in the pa-
rameter estimation, at a different incidence angle up ,
and slightly rough-surface scattering is assumed, the
parameter vector becomes (from the definition of D t̂D

following (24) and (25))

1
hv

z0

sx

D V̂
D
~u0 !

D V̂
D
~up !

D Ĥ
D
~up !

2 ; 1
hv

z0

sx

C cos 4 up ^a V̂,V̂
2

~« r !&

C cos 4 up ^a V̂,V̂
2

~« r !&

C cos 4 up ^a Ĥ,Ĥ
2

~« r !&

2 , (31)

where the interferometry is done at incidence angle
u0 and the parameter C [ k0

4WP(22k0 sin u0 ,
0)/r0 ^uV̂ z Fb z V̂u 2 & 5 k0

4WP(22k0 sin u0 , 0)/
r0 ^uĤ z Fb z Ĥu 2 & is assumed to be independent of
incidence angle. That is, the roughness power spec-
trum is not assumed to change much when evaluated
at the two incidence angles. This assumption, along
with that of the slightly rough surface, is necessary to
reduce the six-element parameter set in (31) to the
following five-element set (there are only five obser-
vations): (1) hv , (2) z0 , (3) sx , (4) C, and (5) « r .
The parameter estimation scenario becomes
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1
ĥv

ẑ0

ŝx

Ĉ
«̂ r

2 5 M I1P
21 1

2.5-m correlation amplitude
2.5-m correlation phase

5-m correlation amplitude
5-m correlation phase

$HHHH/VVVV%

2
; M I1P

21 ~OI1P !, (32)

where MI1P
21 is an operator which transforms a set of

two-baseline interferometric data plus the zero-base-
line polarimetric {HHHH/VVVV} ratio into the pa-
rameter estimates on the left side of (32), based on
(24) and (25). Since the ground dielectric constant is
complex, there are actually six parameters on the left
side of (32), but the imaginary part of « r is assumed to
be 0.15 3 Re(« r), typical of soil [Moghaddam and
Saatchi, 1995]. The last parameter « r effectively be-
comes just one parameter. It was found that estimates
of other parameters were very insensitive to the
assumed ratio of the real to imaginary parts of « r .

In either estimation scenario, (30) or (32), MI
21 or

MI1P
21 are nonlinear least squares operators which, by

searching parameter space as indicated in Figure 1,
find the parameter estimates ĥv , ẑ0 , ŝx , Ĉ, and «̂ r
which minimize (for example, for equation (32))

3 ~OI1P ! 2 M I1P1
ĥv

ẑ0

ŝx

Ĉ
«̂ r

24
T

C 213 ~OI1P ! 2 MI1P1
ĥv

ẑ0

ŝx

Ĉ
«̂ r

24 ,

(33)

where C is the covariance matrix of the measurements
in OI1P . The covariance matrix is assumed to have
the squares of the observation measurement errors

on the diagonals and zero everywhere else (observa-
tion errors are assumed uncorrelated). The observa-
tion errors used in (33), which are shown in paren-
theses in Table 4, were empirically determined by
dividing each stand into sections, and they were also
calculated based on the standard deviation of the
mean of the distributions of each observation type
within each stand. Both methods of calculating en-
tries for C usually yielded about the same observation
error, and in the cases where they differed, the larger
value was used.

Table 5 shows the parameter estimates and stan-
dard deviations for the vegetation height, the under-
lying topography, and the ratio of ground to volume
power, which is a function of the estimated parame-
ters (see equations (29), (31), and (32)). This ratio is
shown instead of extinction coefficient estimates,
which ranged between 0.0 and 0.4 dB/m, because it
seemed to be better determined and could be com-
pared with values in the literature. Table 5 parameter
estimates and standard deviations are for the inter-
ferometry 1 polarimetry scenario of (32). The stan-
dard deviations in Table 5 in parentheses are deter-
mined by adding Monte Carlo, Gaussian distributions
of observation errors to (OI1P), based on the square
roots of the diagonal elements of C. The parameter
standard deviations in Table 5 result from (32) and
(33) and are the error bars in the figures described
below. It should be noted that in nonlinear estima-
tion, the process of adding even symmetric noise to
observations results in asymmetric distributions of
parameters about the optimal values in Table 5. The
asymmetric nature of the error bars is not shown in
the figures which follow, because for all but the

Table 5. Vegetation Height, Underlying Topography, and Ground-to-Volume Power Ratio Estimated From the
BOREAS Data in Table 4

Stand Vegetation Type
Field-Measured
Tree Height, m

Tree Height
Estimate, m

Topography
Estimate, m

Ground/Volume
Estimate

1 jack pine/spruce 19.0 16.5 (1.4) 5.6 (1.0) 0.24 (0.17)
2 aspen 20.0 22.3 (1.0) 9.0 (1.0) 0.20 (0.08)
3 spruce fir/broad leaf 16.7 13.5 (1.3) 9.6 (1.7) 0.18 (0.18)
4 jack pine 15.0 14.9 (0.2) 21.3 (0.4) 0.25 (0.05)
5 jack pine 15.0 17.2 (5.7) 29.0 (6.0) 0.13 (0.08)
6 clear cut 0.0 0.00 (0.4) 0.0 (0.3) 0.01 (0.14)
7 clear cut/jack pine 2.6 0.0 (1.3) 0.4 (1.0) 0.13 (.1.0)
8 jack pine/black spruce 7.3 6.9 (2.7) 20.3 (3.0) 0.06 (0.08)
9 treed muskeg 0.0 5.6 (0.5) 211.1 (0.4) 0.08 (0.07)
10 jack pine 15.0 25.4 (7.3) 23.4 (7.2) 0.02 (0.03)

Standard deviations of parameter estimates are shown in parentheses, and field-measured vegetation heights and vegetation types are
also shown.
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smallest parameter values, the parameter distribu-
tions are fairly (to within about 20% of the error bar)
symmetric about the estimate, and the asymmetry
adds a layer of complication unnecessary for the
interpretation of the results. The asymmetry, how-
ever, should be especially kept in mind for the
small-value parameter estimate entries in Table 5, for
which the standard deviation is larger than the value
itself, for example, for tree height. The parameter
distribution arising from adding observation error to
the actual observations never produces a negative
height, because the optimal estimate is not at the
center of the parameter distribution.

Figure 8 shows the estimate of vegetation height ĥv
versus field-measured vegetation height for the 10
stands considered. The asterisks correspond to the
interferometry-only parameter estimation scenario
(30), and the plus signs correspond to the interferom-
etry 1 polarimetry estimation scenario (32). The
single data point which seemed to come from specu-
lar scattering ({HHHH/VVVV} . 1) was analyzed
with specular estimation scenarios, analogous to (30)
and (32). The rms scatter about the field-measured
values, indicated by the line y 5 x, for interferometry
alone is 9.3 m and for interferometry 1 polarimetry is
4.2 m. The field-measured values were binned in 5-m

bins, suggesting that the actual scatter of the param-
eter estimates could be as low as 3.2 m. Although not
shown, if the ground contribution were not included,
almost all estimates of hv increase, as expected from
Figure 6a. The rms scatter for the randomly oriented
volume alone becomes very large, ;20 m, owing
largely to the gross overestimation of hv for two of
the data points.

In Figure 8 the parameter estimation of hv is
improved by adding the polarimetry to the multibase-
line interferometry. The reduced x2 about the y 5 x
line in Figure 8 is 13, suggesting that the actual scatter
is about 4 times that expected from modeled param-
eter errors. The possibilities for accounting for this
excess error fall into two general categories: The first
is model deficiencies (in MI1P based on (24) and
(25)), such as oriented volume effects which would
alter the {HHHH/VVVV} ratio (see Figure 6b), the
assumed equivalence of the surface roughness power
spectrum for the interferometry and polarimetry in-
cidence angles (i.e., WP(22k0 sin u0 , 0) 5
WP(22k0 sin up , 0)), unmodeled temporal changes
in terrain between the interferometric and polarimet-
ric data acquisitions, and unmodeled multilayer ver-
tical structure. The second general category of un-
modeled error is systematic, instrumental error in the

Figure 8. Vegetation height estimated from the BOREAS “interferometry” (INSAR) (asterisks) and
INSAR 1 {HHHH/VVVV} ratio (plus signs) data, as a function of field-measured vegetation height.
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data not reflected in the scatters used to arrive at
error estimates, such as phase offset and ramp errors,
cross-correlation amplitude miscalibration, and im-
perfect removal of the noise or range ( Ar) decorre-
lation effects.

Figure 9 shows the underlying topography as a
function of the field-measured vegetation height. This
region is flat to within 65 m, and the horizontal line
at zero shows the approximate correct topography.
The asterisks show the topography inferred from the
long-baseline phase alone, by dividing by a z . This is
the standard method for arriving at the bare-surface
topography, but it will produce errors of the order of
the vegetation height for vegetated land surfaces. The
asterisks indeed show departures from the zero line
of the order of the vegetation height, and the rms
error about zero is 13.7 m. The plus signs show the
underlying topography estimated as the ẑ0 parameter
in (32), with interferometry and polarimetry. The rms
scatter about zero is reduced by a factor of 2, to 6.5 m.
The reduced x2 about the zero line is very poor,
about 120, indicating either that unmodeled errors
strongly affect the z0 parameter or there is some
actual topography in the scene at the 7-m level.

Figure 10 shows another example of a parameter
estimable from a combined interferometric and pola-

rimetric data set. It is the ratio of received ground-
to-volume power for the interferometric incidence
angle, determined from the parameters in the com-
bined interferometric and polarimetric estimation
scenario represented by (32). This quantity, Rg2v , is
a structure parameter in that it gives the ratio of
received powers from two spatially distinct compo-
nents of the vegetated land surface. The ratio is
calculated from the parameters in (32) by inserting
them into (29). The ratio is plotted versus the radar-
estimated vegetation height. The horizontal line is the
weighted average value of the ratio, which was 0.124.
Field measurements of the ratio of ground to volume
power were not available for the stands reported
here. On the basis of field measurements at the site,
forward modeling, and polarimetric observations
[Moghaddam and Saatchi, 1995; Freeman and Durden,
1998], ratios of ground to volume power of the order
of 10% are expected, and the ratios shown in Figure
10 are thus plausible. The number of ratios signifi-
cantly different from zero in Figure 10 again suggests
that ground contributions are detectable at C band.
The reduced x2 of the parameters about the average
value was smaller than that about a linear fit. Al-
though there is the suggestion of a trend toward
higher ratios at higher tree heights, which could be

Figure 9. Underlying topography estimated from the BOREAS data, as a function of field-measured
vegetation height. Average topography is zero, indicated by the horizontal line.
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explained, for example, by a concurrent reduction in
tree surface density (so the ground would be more
accessible to the incident radiation), this trend is not
statistically significant. Although not shown, ground-
to-volume power ratios obtained from interferometry
were, for some data points, a factor of 10 less
accurate, which was reflected in ratios of the order of
2.0 and correspondingly large error bars. The
{HHHH/VVVV} ratio was very important for con-
straining this parameter to the reasonable range in
Figure 10.

In addition to the levels of agreement with expec-
tation from field measurements, an indication of the
accuracy of the models used in the parameter estima-
tion results from comparing the model data to the
actual data. The “model data” are those which result
when the optimal parameter estimates, including
those in Table 5, are used in the model to generate
observations. The resulting model interferometric
correlation amplitudes are typically within 0.5% of
those in the data, which is also of the order of the
correlation-amplitude observation error (see Table
4). The amplitudes are therefore fit well by the model
MI1P . The discrepancy between model phase and
data phase is of the order of 18–48, which is frequently
considerably larger than the phase observation errors

given in Table 4. This indicates that the procedure
described above may underestimate phase errors in
the data. Calibration approaches in multialtitude data
sets are being pursued to find and correct systematic
phase and amplitude errors in future data sets.

4. Summary and Future Acquisition
and Estimation Scenarios

This paper casts the combining of interferometric
and polarimetric radar as the measurement of a
general polarimetric interferometric cross correlation
(equation (1)), from which parameters pertaining to
vegetation vertical structure can be estimated. In
order to construct physical models of the cross corre-
lation which depend on a small number of vegetation
and surface parameters, three simple physical mech-
anisms were considered: (1) the randomly oriented
volume, (2) the randomly oriented volume with a
ground return, both specular and direct, and (3) the
oriented volume. The ground surfaces were always
taken to be horizontal. For each mechanism, up to
five parameters were identified on which the inter-
ferometric (all polarizations the same) and polarimet-
ric (zero-baseline) cross correlations depend. The
{HHHH/VVVV} ratio was the only polarimetric

Figure 10. Ratio of ground to volume power estimated from the BOREAS data as a function of
estimated vegetation height.
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quantity used in parameter estimation, because it was
shown that adding other polarimetric cross correla-
tions without the analogous fully polarimetric inter-
ferometric cross-correlation observations introduced
parameters which pertained to single-scatterer char-
acteristics and did not enhance the accuracy of verti-
cal-structure parameters. For the randomly oriented
volume 1 direct-ground return, the dependence of
the interferometric cross-correlation amplitude and
{HHHH/VVVV} ratio on vegetation height was
shown as an example of observation sensitivity to
structure parameters. The sensitivity analysis sug-
gested that few-meter vegetation height accuracy
would be possible if the model accurately described
the terrain. The sensitivity of the {HHHH/VVVV}
ratio to height implied that the addition of this ratio
to the interferometric data should improve vegetation
parameter estimation, if the slightly rough, direct-
ground mechanism was assumed (so that the polari-
metric response can be characterized). Vegetation
heights, underlying topography, and the ratio of
ground to volume power were estimated from two-
baseline TOPSAR interferometric data plus
{HHHH/VVVV} ratios taken over the BOREAS
Southern Study Area. The accuracy of vegetation
heights estimated from two-baseline interferometry
alone, with a four-parameter fit, was about 9.3 m, as
determined by comparison with field measurements.
When the {HHHH/VVVV} ratio was included in the
analysis with the above assumption, the estimation
accuracy improved to 4.2 m with a five-parameter fit.
The underlying topography of the part of the
BOREAS Southern Study Area used is flat to within
65 m, and using the parameter estimation approach
reduced the rms scatter of the estimated topography
inferred from topographic phase alone from 13.7 to
6.5 m. Although no field measurements were avail-
able for the ratio of ground to volume power, which is
a function of estimated parameters, it was estimated
from interferometry and polarimetry to have an av-
erage value of 12%, which is reasonable given expec-
tations from measurements at the site. Without the
{HHHH/VVVV}, i.e., with interferometry alone, the
accuracy and value of this parameter were as high as
2.0 for some stands, suggesting that the {HHHH/
VVVV} ratio seems to play a crucial role in the
estimation of this parameter. The data demonstra-
tions in this paper show the feasibility of combining
interferometry and polarimetry, but many simplifying
assumptions were made in modeling the data, many

of which would not be necessary with more complete
data sets, including polarimetric interferometry.

A central conclusion of this paper is that fully
polarimetric interferometry will enable parameter
estimation with more realistic and less constrained
models. Vertical-structure parameters estimated
from polarimetric interferometry will therefore po-
tentially be more accurate than those estimated from
the combination of interferometry and zero-baseline
polarimetry. If ground slopes and vertical profiles of
vegetation density or extinction are added to the
parameter list, multibaseline polarimetric interferom-
etry will probably be required for their estimation. A
multialtitude interferometric 1 zero-baseline polari-
metric data set has been collected over central Ore-
gon to evaluate the additional parameter estimation
accuracy achieved. Because a z , which determines the
interferometric sensitivity, is proportional to the base-
line length divided by the altitude, multialtitude data
are equivalent to multibaseline data. Coupled with
the ping-pong capability, this data set should provide
four unique baselines ranging from 2.5 to 20 m. Data
analysis will begin on that experiment soon. Data
were also acquired in a second multialtitude experi-
ment with fully polarimetric TOPSAR in June 1999,
in order to further test the hypothesis that vertical-
structure parameter estimation will improve with
these new data types. It was mentioned that the
analysis of oriented volumes may be tremendously
simplified with polarimetric interferometry. The anal-
ysis of more complete data sets may also enable
accounting for more realistic features of vegetated
land surfaces than presented in the three models in
this paper. For example, terrain slopes affect inter-
ferometric correlation amplitudes and phases by
changing the distribution of vegetation and polari-
metric quantities by changing the Fresnel and direct-
surface reflection scattering mechanisms [Schuler et
al., 1998]. The estimation of terrain slopes as param-
eters will be attempted with fully polarimetric multi-
baseline interferometry. Vegetation vertical-structure
parameters in addition to height, for example, height-
to-base-of-live-crown [Treuhaft et al., 1997], may be
estimable from the more complete data sets. One
modeling approach could, for example, accommodate
different estimable polarimetric attributes at each of
several layers in the vegetation.

In addition to fully polarimetric, multibaseline ra-
dar interferometry, future observation vectors from
which vegetation structure parameters may be esti-
mated (as in equations (30) and (32)) include other
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remote sensing data types. Multifrequency radar in-
terferometry, available, for example, from TOPSAR
and GeoSAR [Thompson et al., 1999], will augment
the observation vector. Like the addition of polariza-
tion information, the addition of different frequencies
adds diverse sensitivities to the vertical components
of the scattering scene. Optical remote sensing data
may also be added to the observation vector. For
example, lidar profiling techniques [Means et al.,
1999] can potentially supply accurate vertical struc-
ture information over limited spatial domains and
may be useful in constraining parameters estimated
from radar over much broader regions, thereby im-
proving parameter accuracy. Including lidar and mi-
crowave observations in a generalized observation
vector may help to minimize errors inherent in each
technique. Hyperspectral data and radiative transfer
inversion techniques may also be used to estimate leaf
area and the horizontal cover fraction of live vegeta-
tion [Asner et al., 1998]. These parameters derived
from hyperspectral optical data may be combined
with the profiling potential of radar [Treuhaft et al.,
1997] to determine, for example, vertical profiles of
leaf area and leaf area density. The augmentation of
the observation vector with data types sensitive to
vertical structure, with the associated development of
the required simple (easily parameterized) model
scenarios, will improve vertical-structure parameter
accuracies beyond those reported in the preliminary
demonstrations in this paper.

Appendix A: Ground-Volume
and Volume-Ground Contributions
to the Received Field

In order to calculate the cross correlation (4) for
the specular ground-volume and volume-ground
mechanism in the presence of a randomly oriented
volume, here we calculate the specular contribution
to the field EW t̂

1
(RW 1 , v0 ; RW ) from a volume scatterer

at RW , expressed in (10). This field will then be inserted
into (4) to arrive at the cross correlation, as shown in
Appendix B. The field EW t̂

1
(RW 1 , v0 ; RW ) is that re-

ceived at RW 1 due to a volume scattering element at RW .
The direct backscattered volume contribution, with-
out the ground mechanism, is as in (5) or EW v in (10).

Deriving the specular ground contribution entails
first considering the average field incident on the
scatterer at RW when the specular ground reflection is

significant. With a specular contribution from the
ground this incident field will have two contributions:

^EW t̂ 1
~RW , v0 !& 5 ^EW t̂ 1

~RW , v0 ; RW 1 !& 1 ^EW t̂ 1
~RW , v0 ; RW sp1,RW !&,

(A1)

where the first term is the average wave propagating
directly from the transmitter to RW and the second
term is the ground-reflected contribution, and RW sp1,RW

is the specular reflection point for vegetation at RW , as
shown in Figure 5b. Using the Kirchhoff approxima-
tion for a rough surface with zero average slope, the
second term can be expressed as an integral over the
surface [Beckmann and Spizzichino, 1963], with an
additional integration over the vertical direction to
describe the stochastic surface roughness. Assuming
that t̂ 1 is either Ĥ or V̂ simplifies the specular
incident field, and, in any case, t̂ 1 can be expressed in
these eigenpolarizations of the ground-reflection ma-
trix (11). Accounting for the volume propagation
effects (see equation (5)) from the transmitter to the
specular point, and from the specular point to the
volume element at RW , the average field incident on RW
from the specular reflection point is

^EW t̂ 1
~RW , v0 ; RW sp1,RW !&

5
ik0 t̂ 1e ik0 uRW 2RW sp1,RW u

4puRW 2 RW sp1,RW u
exp F2pir0 ^ t̂ 1 z F f z t̂ 1 &~hv 1 z!

k0 cos u sp1,RW
G

3 E P~ z9, z0 ! dz9 E dx9 d y9 @^R t̂ 1
~u sp1,RW !&!~k̂ inc

2 k̂ ref ! z n̂ 2 ~k̂ inc 1 k̂ ref ! z n̂]e i~kW inc 2kW ref !zRW 9, (A2)

where ^R t̂
1
(u sp1,RW )& is the average specular reflection

coefficient for polarization t̂ 1 ; RW 9( x9, y9, z9( x9, y9))
is the surface integration variable; kW inc [ RW sp1,RW 2
RW 1 ; kW ref [ RW 2 RW sp1,RW ; n̂ is a surface unit normal
vector; and P( z9, z0) is the probability density of the
surface having a fluctuation of the z coordinate of z9
2 z0 about a reference altitude z0 . In (A2), z is the
vertical coordinate of the volume element at RW . If, as
given by Beckmann and Spizzichino [1963], P( z9, z0)
is taken to be of the Gaussian form exp[2( z9 2
z0) 2 / 2s z

2]/=2p s z , with s z being the standard
deviation of surface vertical fluctuations, the method
of stationary phase [e.g., Ishimaru, 1978] applied to
(A2) yields
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^EW t̂ 1
~RW , v0 ; RW sp1,RW !&

5
^R~u sp1,RW !& t̂ 1

uRW 1 2 RW sp1,RW u 1 uRW 2 RW sp1,RW u
e ik0 @uRW 1 2RW sp1, RW u1u RW 2RW sp1, RW u #

3 exp F2pir0 ^ t̂ 1 z F f z t̂ 1 &~hv 1 z!

k0 cos u sp1,RW
G 1

Î2p s z

zE
2`

`
exp F2

~ z9 2 z0 ! 2

2s z
2 2 2ik0 cos u0 ~ z9 2 z0 !G dz9

< A^R~u sp1,RW !& z t̂ 1G roughe ik0 @uRW 1 2RW sp1, RW u1u RW 2RW sp1, RW u #

z exp F2pir0 ^ t̂ 1 z F f z t̂ 1 &~hv 1 z!

k0 cos u sp1,RW
G , (A3)

with Grough as in (12), and the distance from the
transmitter to the surface plus the distance from the
surface to RW has been approximated by A. In (A3) the
result has been generalized for arbitrary t̂ 1 by includ-
ing the average ground-reflection matrix ^R(u sp1,RW )&.

The field incident at the volume scatterer at RW must
now be multiplied by the specular scattering matrix
FRW sp1,RW3RW 1

, a spherical-wave propagation term, and
terms accounting for propagation from RW directly
back to the receiver at RW 1 (no further ground inter-
action), yielding for the ground-volume contribution
to (10):

EW t̂ 1
~RW 1 , v0 ; RW !~G 2 V!

5 A 2FRW sp1, RW 3RW 1
^R~u sp1,RW !& z t̂1G rough

z exp [ik0 @uRW 1 2 RW sp1,RW u 1 uRW 2 RW sp1,RW u 1 uRW 1 2 RW u#

z exp F4pir0 ^ t̂ 1 z F f z t̂ 1 &hv

k0 cos u sp1,RW
G . (A4)

The volume-ground term in (10) results from using
the first term in (A1) as the incident field on RW ,
multiplying by the volume specular scattering matrix
FRW 13RW sp1,RW

, and then allowing the wave to interact with
the volume and the ground on the way back to RW 1 .

Appendix B: Cross Correlation
for the Randomly Oriented Volume
and Specular Ground Return

Here we derive (13) in detail. The two fields which
must be introduced into (4), with volume contribu-
tions (5), and ground-volume and volume-ground

contributions (10) are for transmission at polarization
t̂ 1 from RW 1 and reception at end 1 of the baseline

EW t̂ 1
~RW 1 , v0 ; RW ! 5 A 2Fb,RW z t̂ 1

z expF2ik0 uRW 1 2 RW u 1
4pir0 ^ t̂ 1 z F f z t̂ 1 &~hv 2 z!

k0 cos u sp1,RW
G(V)

1 A 2 exp F ik0 $P1 ~RW !% 1
4pir0 ^ t̂ 1 z F f z t̂ 1 &hv

k0 cos u sp1,RW
GG rough

3 FRW sp,RW 3RW 1
^R~u sp1,RW !& z t̂ 1 ~G 2 V!

1 A 2 exp F ik0 $P1 ~RW !% 1
4pir0 ^ t̂ 1 z F f z t̂ 1 &hv

k0 cos u sp1,RW
GG rough

3 ^R~u sp1,RW !& z FRW 13RW sp1,RW
t̂ 1 ~V 2 G!. (B1)

For transmission at polarization t̂ 2 at end 1 of the
baseline (assume that there is a transmitter only at
end 1) and reception at end 2 of the baseline, with
RW spi,RW the specular point between RW i and RW (see
Figure B1),

EW t̂ 2
~RW 2 , v0 ; RW ! 5A 2FB,RW z t̂ 2 exp F ik0 $uRW 1 2RW u

1 uRW 2RW 2 u} 1
4pir0 ^ t̂ 1 z F f z t̂ 1 &~hv 2 z!

k0 cos uRW
G ~V!

1 A 2 exp F ik0 $P1 ~RW ! 1 uRW 2 2 RW u 2 uRW 1 2 RW u%

1
4pir0 ^ t̂ 1 z F f z t̂ 1 &hv

k0 cos u sp1,RW
GG rough

3 FRW sp1,RW3RW 1
^R~u sp1,RW !&medg z t̂ 2 ~G 2 V!

1 A 2 exp F ik0 $P2 ~RW ! 1 uRW 1 2 RW u 2 uRW 2 2 RW u%

1
4pir0 ^ t̂ 1 z F f z t̂ 1 &hv

k0 cos u sp1,RW
GG rough

3 ^R~u sp1,RW !& z FRW 13RW sp1,RW
t̂2 ~V 2 G), (B2)

where the following definitions of round-trip range
and interferometric phase were used in (B1) and
(B2):

P1 ~RW ! ; uRW sp1,RW 2 RW 1 u 1 uRW 2 RW sp1,RW u 1 uRW 1 2 RW u

< 2uRW 2 2 RW ~ x, y, z0 !u
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P2 ~RW ! ; uRW sp2,RW 2 RW 2 u 1 uRW 2 RW sp2,RW u 1 uRW 2 2 RW u

< 2uRW 2 2 RW ~ x, y, z0 !u

f~RW ! ; k0 uRW 1 2 RW u 2 uRW 2 2 RW u ; k0 ~urW1 u 2 urW2 u! (B3)

; k0 ~r1 2 r2 !.

Note that ^R(u sp1,RW )& and FRsp1,RW3R1
have been as-

sumed equal to the corresponding values for the
RW sp2,RW specular point. In (B3) the first two equations
show that the defined round-trip propagation dis-
tance is approximately equal to the round-trip prop-
agation distance to a point on the ground ( x, y, z0)
directly below the volume scatterer at RW (see Figure
B1). This approximation is accurate at the level of the
total path length 3 (hv /radar altitude)2, or about 1
cm for TOPSAR. This approximation is equivalent to
about a 0.28 interferometric phase error on a 5-m
baseline at 8-km radar altitude at C band (TOPSAR
ping-pong), which introduces few-centimeter errors
in height determination and is therefore negligible;
this error will be smaller still for spaceborne systems.
The cross correlation of the Fourier field components
needed for insertion in (4) results from taking the
inner product of (B1) with the receive polarization at
end 1 of the baseline p̂1 and cross correlating with the
inner product of p̂2 with (B2), yielding

^p̂1 z EW t̂ 1
~RW 1 , v0 ; RW ! p̂*2 z EW *t̂ 2

~RW 2 , v0 ; RW !&

5 A 4 exp F 2 2sxhv

cos uRW
G

3 $^~ p̂1 z Fb,RW z t̂ 1 !~ p̂*2 z F*B,RW z t̂ 2 !& exp @if~RW !# ~V p V!

1 G rough
2 ^~ p̂1 z FRW sp1, RW3RW 1

^R~u sp1, RW !& z t̂ 1 !

z ~ p̂*2 z F*RW sp1,RW3RW 1
^R*~u sp1, RW !& z t̂ 2 !&

3 exp @if~RW !# ~G 2 V) p (G 2 V!

1 G rough
2 ^~ p̂1 z FRW sp1,RW3RW 1

^R~u sp1,RW !& z t̂ 1 !

z ~ p̂2 z ^R*~u sp1,RW !& z F*RW 13RW sp1,RW
z t̂ 2 !&

3 exp @ik0 $P1 ~RW ! 2 P2 ~RW ! 2 if~RW !#~G 2 V) p (V 2 G!

1 G rough
2 ^~ p̂1 z ^R~u sp1,RW !& z FRW 13RW sp1,RW

z t̂ 1 !

z ~ p̂*2 z F*RW sp1,RW3RW 1
^R*~u sp1,RW !& z t̂ *2 !&

3 exp @if~RW !# ~V 2 G) p (G 2 V!

1 G rough
2 ^~ p̂1 z ^R~u sp1,RW !& z FRW 13RW sp1,RW

z t̂ 1 !

Figure B1. The specular propagation path P1 , as defined in equation (B3). On the left side, three
components of the specular bounce path are shown: from the transmitter at RW 1 to the specular point
RW sp1,RW (single bar), from RW sp1,RW to the volume element at RW ( x, y, z) (double bars), and from RW ( x, y, z)
back to the receiver at RW 1 (triple bars). The right side shows the equivalent path from RW 1 to a point
directly below the volume element at RW ( x, y, z0) on the ground (single bar) and back from RW ( x, y, z0)
to RW 1 (double bars).
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z ~ p̂*2 z ^R*~u sp1,RW !& z F*RW 13RW sp1,RW
z t̂ *2 !&

3 exp @ik0 $P1 ~RW ! 2 P2 ~RW !% 2 if~RW !#}

z ~V 2 G) p (V 2 G!. (B4)

Two types of partial derivatives of phase will occur in
the simplification of (B4). They are the derivatives
used by Treuhaft et al. [1996] using the (r1 , z, h)
coordinate system and new derivatives introduced
here using the ( x, y, z) coordinate system necessary
to treat the specular mechanism. Both sets of deriv-
atives result from Appendix A of Treuhaft et al. [1996]
and are shown in (B5) and (B6) below, with B being
the baseline length, d being the angle between the
baseline and the horizontal, and u0 indicating evalua-
tion at the center of the range resolution cell, on the
ground at RW 5 RW 0 :

a r ; k0S~r1 2 r2 !

r1
D

z,h
U 0 5

k0B cos ~u0 2 d! cos u0

r0 sin u0

a z ; k0S~r1 2 r2 !

 z D
r1 ,h

U 0 5
k0B cos ~u0 2 d!

r0 sin u0

ah ; k0S~r1 2 r2 !

h
D

r 1 ,z

u0 5 2k0 B sin u0 sin h0 cos d 5 0.

(B5)

The derivatives in the rectangular coordinates are

kx ; k0S~r1 2 r2 !

 x D
y,z
U 0 5

k0B cos u0 cos ~u0 2 d!

r0

k y ; k0S~r1 2 r2 !

 y D
x,z
U 0

5
k0B sin ~d 2 u0 ! sin u0 sin h0

r0
5 0

k z ; k0S~r1 2 r2 !

 z D
x,y
U 0 5

k0B sin u0 cos ~u0 2 d!

r0
,

(B6)

noting from (B3) that

k0 ~P1 ~RW ! 2 P2 ~RW !! 5 2f~RW ~ x, y, z0 !!

f~RW ! < f~RW ~ x, y, z0 !! 1 k z ~ z 2 z0 !

fk0 ~P1 ~RW ! 2 P2 ~RW !! 2 f~RW !

5 f~RW ~ x, y, z0 !! 2 k z ~ z 2 z0 !. (B7)

The dependence on the rectangular-coordinate par-
tial derivative results because the P1 and P2 path
lengths depend on the rectangular x, y at z 5 z0 .
Because of (B7) and because the argument of
EW t̂

1
(RW 1 , v0 ; RW ) needed for insertion in Wr in (4)

depends on P1 (and not on RW 1 2 RW , as for the volume
backscattering case), the Taylor expansion of the
phase about the reference point must be done in
rectangular coordinates for the specular terms. The
cross correlation of the Fourier components in (B4)
therefore becomes

^p̂1 z EW t̂ 1
~RW 1 , v0 ; RW ! p̂*2 z EW *t̂ 2

~RW 2 , v0 ; RW !& 5 A 4e if0 ~ z0 !

z exp F 2 2sxhv

cos uRW
G 3 $^~ p̂1 z Fb,RW z t̂ 1 !~ p̂*2 z F*b,RW z t̂ *2 !&

z exp @ia r ~r1 2 r0 ! 1 ia z ~ z 2 z0 !# ~V p V!

1 G rough
2 ^~ p̂1 z FRW sp1,RW3RW 1

^R~u sp1,RW !& z t̂ 1 !

z ~ p̂*2 z F*RW sp1, RW3RW 1
^R*~u sp1,RW 3 RW !& z t̂ *2 !&

3 exp @ikx ~ x 2 x0 ! 1 ik z ~ z 2 z0 !# ~G 2 V) p (G 2 V!

1 G rough
2 ^~ p̂1 z FRW sp1,RW3RW 1

^R~u sp1,RW !& z t̂ 1 !

z ~ p̂*2 z ^R*~u sp1,RW !& z F*RW 13RW sp1,RW
z t̂ *2 !&

3 exp @ikx ~ x 2 x0 ! 2 ik z ~ z 2 z0 !# ~G 2 V) p (V 2 G!

1 G rough
2 ^~ p̂1 z ^R~u sp1,RW !& z FRW 13RW sp1,RW

z t̂ 1 !

z ~ p̂2 z F*RW sp1,RW3RW 1
^R*~u sp1,RW !& z t̂ 2 !&

3 exp @ikx ~ x 2 x0 ! 1 ik z ~ z 2 z0 !# ~V 2 G) p (G 2 V!

1 G rough
2 ^~ p̂1 z ^R~u sp1,RW !& z FRW 13RW sp1,RW

z t̂ 1 !

z ~ p̂2 z ^R*~u sp1,RW !& z F*RW 13RW sp1,RW
z t̂ *2 !&

3 exp @ikx ~ x 2 x0 ! 2 ik z ~ z 2 z0 !#}~V 2 G) p (V 2 G!.

(B8)

Inserting (B8) into (4) and noting that the x–y
integration is equivalent to the r–h integration results
in the cross correlation in (13). Note that for ping-
pong mode, in which there is a transmitter at each
end of the baseline, the phases of the specular terms
in (B4) all become ik0(P1( x, y, z0) 2 P2( x, y, z0))
and k z 3 0 in (B8), and the baseline effectively
doubles. This is because f0( z0) 3 2f0( z0) and kx
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3 2kx . Note that from the single-transmit mode in
(14) and the appropriate limits for ping-pong, single-
transmit and ping-pong are not simply related by a
factor of 2 effective increase in baseline length, as is
the case for any of the other models in this paper. The
additional decrease in cross-correlation amplitude for
the single-transmit case in (14) would be important if
the specular return dominated over the volume re-
turn, which will probably only be the case for P-band
(;80 cm) and larger wavelengths.

Appendix C: Field Due to a Randomly
Oriented Volume and Direct Ground
Return

Here we derive the field (19) and cross correlation
(20) which leads to the cross correlation (23) due to
direct ground returns in the presence of a randomly
oriented volume. The fields at the surface must be
inserted into (18) to derive the received field (19).
The surface field from the direct ground surface
return follows from considering the field from small,
independent surface patches, of length on a side L.
This is equivalent to the Foldy approximation used by
Treuhaft et al. [1996], in which small elements of the
volume are considered to be independent scatterers.
The waves scattered from each small patch, due to an
incident plane wave propagating in free space, can be
expressed in terms of a spatial Fourier series [Ishi-
maru, 1978]. Following Ishimaru [1978], (C1) repre-
sents a perfectly conducting surface, which is gener-
alized to an arbitrary dielectric constant to arrive at
(19). Extending the treatment to account for spherical
incident waves propagating through the randomly
oriented volume yields the following Fourier series
expansions for the field components at the surface
location RW 9(x9, y9, z9) from a patch centered at RW in the
x–y plane at y 5 0 (see Figure C1) for insertion in (18):

E t̂ 1 , x ~RW 9! 5
e ikuRW 92RW 1 u

uRW 2RW 1 u Uz90

exp F2pir0 ^ t̂ 1 zFf z t̂ 1 &hv

k0 cos uRW
G

3 O
m,n

Amne i~nmx91nny91b~m,n! z9! ~diffuse only!

E t̂ 1 ,y ~RW 9! 5 Fe ikuRW 92RW 1 u

uRW 2RW 1 u U
z950

2
e ikD

D

~incident plus
specular reflection)

1
e ikuRW 92RW 1 u

uRW 2 RW 1 uU
z950

O
m,n

Bmne i~nmx91nny91b~m,n! z9! ~diffuse!G

E t̂ 1 ,y ~RW 9! 5 Fe ikuRW W92RW W1 u

uRW 2RW 1 u U
z950

2
e ikD

D

~incident plus
specular reflection)

1
e ikuRW W92RW W1 u

uRW 2RW 1 u U
z950

O
m,n

Bmne i~nmx91nny91b~m,n! z9! ~diffuse!G
z exp F2pir0 ^ t̂ 1 z F f z t̂ 1 &hv

k0 cos uRW
G

E t̂ 1 ,z ~RW 9! 5
e ikuRW 92RW 1 u

uRW 2RW 1 u Uz950

exp F2pir0 ^ t̂ 1 zFf z t̂ 1 &hv

k0 cos uRW
G

3 O
m,n

Cmne i~nmx91nny91b~m,n! z9! ~diffuse only!, (C1)

where the incident field is assumed to be polarized in
the Ĥ, or y, direction, and D is the total path length
for the specular reflection at RW sp1,RW 9 , given by

D ; uRW 9 2 RW sp1,RW 9 u 1 uRW sp1,RW 9 2 RW 1 u, (C2)

and where, by the wave equation, in the x–z plane,

k 2 5 ~k sin uRW 1 nm! 2 1 ~nm! 2 1 b~m, n! 2.
(C3)

Figure C1. A patch of ground surface centered at RW , L on
a side, for which the field in equation (19) is calculated. The
vector RW 9 represents any point within the patch and is the
integration variable in equation (18).
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In (C1), Amn , Bmn , and Cmn are the Fourier
amplitudes for spatial frequency mn and nn in the x
and y directions, with n 5 2p/L. The term b(m, n) is
constrained by the wave equation to be

b 2~m, n! 5 k0
2 2 ~k0 sin uRW 1 mn! 2 2 ~nn! 2. (C4)

In order to find the surface scattered fields as a
function of surface roughness, the surface roughness
is expressed as z9 5 z( x9, y9) and as a Fourier sum

z~ x9, y9! ; O
m,n

P~m, n!e inmx91inny9

with

P~m, n! 5
1

L 2 E
2L/ 2

L/ 2
z~ x, y!e 2i@nmx1nny# dx d y

(C5)
^P~m, n! P*~m9, n9!& 5

1

L 2

zE
2L/ 2

L/ 2
^z~x, y!z~xd 1 x, yd 1 y!&e2i@nmxd 1nnyd #

z dxd d yd dm,m9dn,n9 ; W~m, n!dm,m9dn,n9

where xd [ x9 2 x and yd [ y9 2 y9. If k0z is
assumed small, then the Amn , Bmn , and Cmn terms
and the exponentials in (C1) can be expanded in
terms of k0z and only first-order terms need to be
kept. The tangential boundary conditions on the
electric field imply

E t̂ 1 , x 1
z

 x9
E t̂ 1 ,z 5 0

(C6)

E t̂ 1 ,y 1
z

 y9
E t̂ 1 ,z 5 0.

Expanding (C1) to first order in k0z, substituting
(C1) and (C5) into (C6), and using the divergence
Maxwell equation shows

Amn
~1! 5 0

Bmn
~1! 5 2ik0 cos uRW P~m, n!

Cmn
~1! 5

2 2ik0 cos uRW nnP~m, n!

b~m, n!
. (C7)

Substituting the coefficients in (C7) into (C1), using
the curl Maxwell equation to find the magnetic field ¹W

3 EW t̂
1

5 iv0m0HW t̂
1
, and finally putting (C1) and the

magnetic fields into the surface integral in (18) yields
for the field at RW 1 , for example, when p̂1 5 Ĥ 5 t̂ 1 ,

Ĥ z EW t̂ 1
~RW 1 , v0 ; RW !

5
ik0

4p

e 2ik0 uRW 1 2RW u

uRW 1 2 RW u 2 exp F4pir0 ^ t̂ 1 z F f z t̂ 1 &hv

k0 cos uRW
G

3 E dx9 d y9 O
m,n

P~nm, nn!e i~~nm12k0 sinuRW ! x91nny9!

3 H2ik0 cos 2 uRW 2
2ik0 cos uRW

bk
@n 2n 2 1 b 2#J , (C8)

which generalizes to (19) for arbitrary polarizations
and dielectric constants, when the last term in brack-
ets is generalized to f p̂1 , t̂

1
(nm, nn) [Ulaby et al.,

1982].
Multiplying (19) by its complex-conjugate analog

for reception at RW 2 yields (20), the details of which
are below:

^p̂1 z EW t̂ 1
~RW 1 , v0 ; RW ! p̂*2 z EW *t̂ 2

~RW 2 , v0 ; RW !&

5
A 4k0

2

16p 2 e ik0 uRW 1 2RW u2uRW 2 2RW u exp F 1 2sxhv

cos uRW
G

3 E dx9 d y9 dx0 d y0 O
m,n,m9,n9

z ^P~nm, nn! P*~nm9, nn9!&e i~~nm12k0 sinuRW ! x91nny9!

3 e2i~~nm912k 0 sinuRW ! x01ny0!^fp̂ 1 , t̂ 1
~nm, nn! f*p̂ 2 , t̂ 2

~nm9, nn9!&

5
A 4k0

2

16p 2 e ik0 uRW 1 2RW u2uRW 2 2RW u

z expF 2 2sxhv

cos uRW
G E dx9 d y9 dx0 d y0

3 O
m,n

W~nm, nn!e i~~nm12k0 sinuRW !~ x92x0!1nn~ y92y0!!

3 ^f p̂1 , t̂ 1
~nm, nn! f*p̂2 , t̂ 2

~nm, nn!&

<
A 4k0

2L 2

4
e ik0 uRW 1 2RW u2uRW 2 2RW u exp F 2 2sxhv

cos uRW
G

3 E dnx dn y WP ~nx , n y !
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z ^f p̂1 , t̂ 1
~nx , n y ! f*p̂2 , t̂ 2

~nx , n y !&d~nx 1 2k0 sin uRW !d~n y !

5
A 4k0

2L 2

4
WP ~22k0 sin uRW , 0!

3 ^f p̂1 , t̂ 1
~22k0 sin uRW , 0! f*p̂2 , t̂ 2

~22k0 sin uRW , 0!&

z e ik0 uRW 1 2RW u2uRW 2 2RW u exp F 2 2sxhv

cos uRW
G , (C9)

where ^P(nm, nn) P*(nm9, nn9)& [ W(nm, nn)
dm,m9dn,n9 . Noting that as L gets much larger than
any characteristic roughness scale, i.e., as the rough-
ness of surface elements becomes uncorrelated, the
power spectrum of the roughness at spatial frequen-
cies nx , ny is given by

WP ~nx , n y ! dnx dn y 5 lim
L3`

~L 2/4p 2!W~m, n!DnxDn y ,

with Dnx [ 2mp/L and Dny [ 2np/L.

Appendix D: Field Due to an Oriented
Volume

Here we derive the field (26) which leads to the
cross correlation (27) due to an oriented volume. As
in Appendix A, the average field at the scatterer at RW
due to a transmitter at RW 1 is needed first. By gener-
alizing the approach used by Treuhaft et al. [1996], this
field is given by a contribution directly from the
transmitter (the first term below) plus one from all
other scatterers (the integral):

^EW t̂ 1
~RW , v0 ; RW 1 !& 5 Ae ik0 uRW 2RW 1 u t̂ 1

1E r0
e ik0 uRW 92RW u

uRW 92RW u
^FRW 1 2RW 93RW 92RW &^EW t̂ 1

~RW 9, v0 ; RW 1 !& d 3R9,

(D1)

where ^FRW 1 2RW 93RW 92RW & is the scattering matrix for a
wave incident from the transmitter on a volume
scatterer at RW 9 and scattered toward the scatterer at
RW , and ^EW t̂

1
(RW 9, v0 ; RW 1)& is the average field at the

scatterer at RW 9. All other terms are defined after (5)
in the text. If the average scattering matrix is a
multiple of the identity matrix, as it is for a randomly
oriented volume, then all terms in (D1) are in the t̂ 1
direction and (D1) becomes a scalar integral equation
for the field incident on RW with a solution which
eventually leads to the backscattered field in (5). If
the volume is oriented, then the action of

^FRW 1 2RW 93RW 92RW & on ^EW t̂
1
(RW 9, v0 ; RW 1)& will introduce

components in (D1) which are orthogonal to t̂ 1 , and
(D1) becomes a vector integral equation. Because the
method of stationary phase [Ishimaru, 1978] shows
that only the average forward scattering matrix ^Ff &
enters into the solution of (D1), expanding all field
components in terms of the eigenvectors of ^Ff &, p̂a
and p̂b , assumed orthogonal (i.e., ^Ff & is symmetric)
yields

~^EW t̂ 1
~RW , v0 ; RW 1 !& z p̂a ! p̂a 1 ~^EW t̂ 1

~RW , v0 ; RW 1 !& z p̂b ! p̂b

5 Ae ik0 uRW 2RW 1 u~ t̂ 1 z p̂a ! p̂a 1 E r0
e ik0 uRW 92RW u

uRW 9 2 RW u
~^F f &p̂a !

z ^EW t̂ 1
~RW 9, v0 ; RW 1 !& z p̂a d 3R9 1 Ae ik0 uRW 2RW 1 u~ t̂ 1 z p̂b ! p̂b

1 E r0
e ik0 uRW 92RW u

uRW 9 2 RW u
~^F f &p̂b !^EW t̂ 1

~RW 9, v0 ; RW 1 !& z p̂b d 3R9.

(D2)

As is suggested by (D2), separating the terms involv-
ing p̂a from those involving p̂b results in two integral
equations equivalent to the case in which ^Ff & is the
identity matrix. The method of stationary phase yields
the solution for each of the p̂a and p̂b components,
and their sum forms for the total average field
incident at RW :

^EW t̂ 1
~RW , v0 ; RW 1 !& 5 A~ t̂ 1 z p̂a ! p̂a

z exp Fik0 uRW 2 RW 1 u 1
2pir0 la ~hv 2 z!

k0 cos uRW
G 1 A~ t̂ 1 z p̂b ! p̂b

z exp F ik0 uRW 2 RW 1 u 1
2pir0lb ~hv 2 z!

k0 cos uRW
G , (D3)

where la and lb are the complex eigenvalues of ^Ff &.
From the definition of refractivity and extinction, the
eigenvalues are

2pr0

k0
l i 5 k0x i 1 i

sxi

2
, (D4)

where i takes on the index a and b and x i and sxi
are

the refractivity and extinction coefficient, respec-
tively, for eigenpolarization p̂ i . Note that if sxa

is
different from sxb

, a wave incident at an arbitrary
polarization will change its polarization as it propa-
gates into the volume. However, at either p̂a or p̂b ,
the wave will retain its polarization, but each will
propagate with different characteristics, as is sche-
matically indicated by Figure 5c.
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In order to calculate the field received at RW 1
(equation (26)), (D3) must be operated on by the
backscattering matrix Fb and a free-space propagator
(the first term below) and propagated back through
the rest of the volume (the integral):

EW t̂ 1
~RW 1 , v0 ; RW ! 5 A

e ik0 uRW 1 2RW u

uRW 1 2 RW u
Fb ^EW t̂ 1

~RW , v0 ; RW 1 !&

1 E r0
e ik0 uRW 1 2RW 9u

uRW 1 2 RW 9u
^F f &^EW t̂ 1

~RW 9, v0 ; RW !& d 3R9

< A 2e 2ik0 uRW 1 2RW uFb O
i

~ t̂ 1 z p̂ i ! p̂ i

z exp F ik0x i ~hv 2 z!

cos uRW
2

sxi
~hv 2 z!

2 cos uRW
G

1 E r0
e ik0 uRW 1 2RW 9u

uRW 1 2 RW 9u
^F f & O

j

~ p̂ j z ^EW t̂ 1
~RW 9, v0 ; RW !&! p̂ j

z d 3R9 5 A 2e 2ik0 uRW 1 2RW u O
j

p̂ j O
i

~ t̂ 1 z p̂ i !

z ~ p̂ j z Fb z p̂ i ! exp F ik0x i ~hv 2 z!

cos uRW
2

sxi
~hv 2 z!

2 cos uRW
G

1E r0
eik 0 uRW 1 2RW 9u

uRW 1 2 RW 9u O
j

lj ~ p̂j z ^EW t̂ 1
~RW 9, v0 ; RW !&! p̂j d3R9.

(D5)

Comparing (D5) with (D2) yields a solution for the
field at RW 1 analogous to (D3):

EW t̂ 1
~RW 1 , v0 ; RW ! 5 A 2e 2ik0 uRW 1 2RW u

z O
j

p̂ j exp F ik0x j ~hv 2 z!

cos uRW
2

sxj
~hv 2 z!

2 cos uRW
G

3 O
i

~ t̂ 1 z p̂ i !~ p̂ j z Fb z p̂ i !

z exp F ik0x i ~hv 2 z!

cos uRW
2

sxi
~hv 2 z!

2 cos uRW
G 5 A 2e 2ik0 uRW 1 2RW u

3 O
i, j

p̂ j ~ t̂ 1 z p̂ i !~ p̂ j z Fb z p̂ i !

z exp F ik0 ~x i 1 x j !~hv 2 z!

cos uRW
2

~sxi
1 sxj

!~hv 2 z!

2 cos uRW
G .

(D6)

Taking the inner product of (D6) with the receive
polarization p̂1 yields the field received at RW 1 due to
an oriented volume (26).
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